
CGA

1

2013 5 HPC

multigrid MGCG

OpenMP/MPI

1,2,3 1 MPI 1

Coarse Grid Solver 2,3

Coarse Grid Aggregation CGA T2K 512

8,192 PRIMEHPC FX10 Oakleaf-FX 4,096 65,536

3 CRS Compressed Row Storage ELL Ellpack-Itpack

ELL-CGA MGCG CRS 1 Oakleaf-FX 

4,096 13% 35% 40% 70%

CGA CGA Hierarchical CGA hCGA
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2.2
Symmetric 

Positive Definite SPD Mulrigrid

Conjugate Gradient Method CG

MGCG 5 |{b}-[A]{x}|/|b| 10-12

Gauss-Seidel

5

Restriction Prolongation

Scalable

2 8 Children 1

Parent

V 5

1

2 Level=k 1

MPI

MPI Latency

MPI
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(a) Local operations                     (b) Global nesting operations 
3 Additive Schwartz Domain Decomposition ASDD
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2.3
OpenMP/MPI FVM

MPI OpenMP

Reordering

1,2,3 Hyper-Plane Hyper-Line level-set

Reverse Cuthill-McKee RCM 4 a Multicoloring MC

4 b

CM-RCM 7 RCM

Cyclic Cyclic Multicoloring CM

4 c CM-RCM

CM-RCM RCM

CM-RCM

CM-RCM

1

8

Sequential Reordering

5 1

(a)RCM                   (b) MC: 4 colors              (c) CM-RCM: 4 colors 
4 MC Multicoloring RCM Reverse Cuthill-McKee ,  CM-RCM 1,2,3,7

64 63 61 58 54 49 43 36

62 60 57 53 48 42 35 28

59 56 52 47 41 34 27 21

55 51 46 40 33 26 20 15

50 45 39 32 25 19 14 10

44 38 31 24 18 13 9 6

37 30 23 17 12 8 5 3

29 22 16 11 7 4 2 1

64 63 61 58 54 49 43 36

62 60 57 53 48 42 35 28

59 56 52 47 41 34 27 21

55 51 46 40 33 26 20 15

50 45 39 32 25 19 14 10

44 38 31 24 18 13 9 6

37 30 23 17 12 8 5 3

29 22 16 11 7 4 2 1

1 17 3 18 5 19 7 20

33 49 34 50 35 51 36 52

17 21 19 22 21 23 23 24

37 53 38 54 39 55 40 56

33 25 35 26 37 27 39 28

41 57 42 58 43 59 44 60

49 29 51 30 53 31 55 32

45 61 46 62 47 63 48 64

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

48 32

31 15

14 62

61 44

43 26

25 8

7 54

53 36

16 64

63 46

45 28

27 10

9 56

55 38

37 20

19 2

47 30

29 12

11 58

57 40

39 22

21 4

3 50

49 33

13 60

59 42

41 24

23 6

5 52

51 35

34 18

17 1
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5 sequential reordering 5 8

2.4
3 OpenMP/MPI

MPI Flat MPI Oakleaf-FX

16 MPI OpenMP

16

Hybrid 4×4 HB 4×4 : 4 MPI 4

Hybrid 8×2 HB 8×2 : 8 MPI 2

Hybrid 16×1 HB 16×1 : 1 16 OpenMP 1 MPI

1

6 Coarse Grid Solver 1

color=1 color=2 color=3 color=4 color=5Coloring
(5 colors)
+Ordering

color=1 color=2 color=3 color=4 color=5Coloring
(5 colors)
+Ordering

color=1 color=2 color=3 color=4 color=5

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

2 2 2 2 22 2 2 2 2 3 3 3 3 33 3 3 3 3 4 4 4 4 4 5 5 5 5 5 6 6 6 6 6 7 7 7 7 7 8 8 8 8 84 4 4 4 44 4 4 4 4 5 5 5 5 55 5 5 5 5 6 6 6 6 66 6 6 6 6 7 7 7 7 77 7 7 7 7 8 8 8 8 88 8 8 8 81 1 1 1 11 1 1 1 1

Initial Numbering

Level=1

Level=2

Level=m-3

Level=m-2

Level=m-1

Level=m
Mesh # for
each MPI= 1 

Fine

Coarse Coarse grid solver on a single 
core (further multigrid)
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3. CGA hCGA

1 MPI 1

1 Coarse Grid Solver Coarse Grid Solver

MPI 1 Coarse Grid Solver V-cycle

V-cycle 6

MPI

2,3

aggregate CGA Coarse Grid Aggregation 7

CGA 6

Coarse Grid Solver Coarse Grid Solver

1 CGA 1 MPI OpenMP

3 CRS Compressed Row Storage

ELL Ellpack-Itpack ELL-CGA MGCG CRS 1

Oakleaf-FX 4,096 13% 35% 40% 70%

8 Oakleaf-FX 4,096 65,536 HB 8 2  ELL CGA

17,179,869,184 : 2

CGA Coarse Grid Solver

CGA IC(0)

1 MPI

2,3 6 Coarse Grid Solver

Coarse Grid Solver 7

7 CGA Coarse Grid Aggregation

Level=1

Level=2

Level=m-3

Fine

Coarse

Coarse grid solver on a 
single MPI process (multi-
threaded, further 
multigrid)

• Communication overhead 
could be reduced 

• Coarse grid solver is more 
expensive than original 
approach.

• If process number is larger, 
this effect might be significant

Level=m-2
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8 CGA Oakleaf-FX 4,096 65,536 MGCG
HB 8 2 17,179,869,184

9 hCGA Hierarchical Coarse Grid Aggregation

hCGA

Hierarchical Coarse Grid Aggregation CGA 9

hCGA CGA 1MPI CGA MPI

10 8 17,179,869,184 Oakleaf-FX 4,096

65,536 HB 8 2 hCGA 6 4,096

Level=1

Level=2

Level=m 3

Level=m 3

Fine

Coarse

Level=m 2

Coarse grid solver at a single
MPI process (multi
threaded, further multigrid)
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128 7 1 MPI 8

CGA hCGA

10 CGA hCGA Oakleaf-FX 4,096 65,536 MGCG
HB 8 2 17,179,869,184

4

CGA hCGA MGCG Oakleaf-FX 4,096

17,179,869,184 CGA

hCGA

MPI Coarse Grid Solver
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