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• ��9:;�����3��9:;

• +,#���Finite Volume Method%FVM�����G
– ��2�R-.%-.
�M��J�� 
– ¡¢)*��Direct Finite Difference Method�fq£¤YQ

– http://nkl.cc.u-tokyo.ac.jp/seminars/0812-JSIAM/2008JSIAMfall-01.pdf

• ¥¦§¨
– �©6ª«%#�¬@­ª®

• ¯°�]�Q±²K�9:;<�
– Gauss-Seidel
– ³´µ���CG�¶·¸¹�IC(0)�ºICCG
– �����
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• ±²K�9:;R<�
– Gauss-Seidel�
– CG��³´µ���

• +,#��]�Q3=6�����
• �����R345678
• Geometrical MultigridRËÌ

– Í�ÎÏÐRÑÒ�"%�3��9:;
– � Ì
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• �dR����� S%EÓÔ]�vw129:;Ax=bJ<
def]ÕÂÖYQ 
– important, expensive

• 3=6�����]×�IØÙnÚ�WÛÜÖYIVQ
– Ýru�sparse�%Þru�dense�
– ¡¢��direct�%¯°��iterative�

• Þru�dense�
– ?>�O4nßàáâ_ã�BEM%®äªå4�%MO%MD�æç�

• Ýru�sparse�
– >�N4nßàáâ�FEM%FDM%MD�è�%éê��ëìíîBEM
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• �dR����� S%EÓÔ]�vw129:;Ax=bJ<
def]ÕÂÖYQ 
– important, expensive

• 3=6�����]×�IØÙnÚ�WÛÜÖYIVQ
– Ýru�sparse�%Þru�dense�
– ¡¢��direct�%¯°��iterative�

• Þru�dense�
– ?>�O4nßàáâ_ã�BEM%®äªå4�%MO%MD�æç�

• Ýru�sparse�
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¡¢��Direct Method�
• GaussR���%�HLU*<

– �ruA-1J¡¢�ôQ

• ��
– ��%��V3=6�����]Fâ��

• Partial Pivoting

– Ýru%ÞruV�Y]qFâ��
• ��

– ¯°��ãq��6%� ��Jg-fPQ
• ÞruR��%O�N3 �R� �

– �vwn�  pMSnV
• O�N2 �R��!�%O�N3 �R� �
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¯°��Iterative Method�
• �"�stationary��

– ¯°� 
%<
ªå4#$R��S�G%�
– SOR%Gauss-Seidel%Jacobin&
– �UI'V

• 0�"�nonstationary��
– ()%EFG§¨W*oQ
– Krylov+*���subspace��R,-J�.fUI/âPQ}ô%

Krylov+*���fq£¤YQ
– CG�Conjugate Gradient�³´µ���
– BiCGSTAB�Bi-Conjugate Gradient Stabilized�
– GMRES�Generalized Minimal Residual�

19

¯°��Iterative Method��01�
• ��

– ¡¢�f23UI%��6/â�%� �W4nV 
– tu� ]SFUIVQ 

• ��
– 5)6W%3=6�����%¥¦§¨R78J9p:PV 
– ·¸¹�preconditioning�W�- 

• ;<=>MS¯°�Jõö
– �"�Gauss-Seidel�
– 0�"�?@��³´µ���

20090312KN 20

FAnBC< x(0)sÅDôI%EãFU� ]�bIGR<]

5)Ö%IVd

�,, )2()1( xx

A b

BC<±²K�9:;

�
�
�
�
�

�

�

�
�
�
�
�

�

�

�

)0(

)0(
2

)0(
1

)0(

nx

x
x

�
x

x

��
�
�
�

�

�

��
�
�
�

�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

nnnnnn

n

n

b

b
b

x

x
x

aaa

aaa
aaa

��

�

����

�

�

2

1

2

1

21

22221

11211



20090312KN 21

kHÃR¯°]
cpQ<RI�
J�k�

� �)(
1

)(
313

)(
2121

11

)1(
1

1 k
nn

kkk xaxaxab
a

x 			�� �

��
�
�
�

�

�

��
�
�
�

�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

nnnnnn

n

n

b

b
b

x

x
x

aaa

aaa
aaa

��

�

����

�

�

2

1

2

1

21

22221

11211

±²K�9:;

� �)(
2

)(
323

)(
1212

22

)1(
2

1 k
nn

kkk xaxaxab
a

x 			�� �

� �)(
11,

)(
22

)(
11

)1( 1 k
nnn

k
n

k
nn

nn

k
n xaxaxab

a
x 		

� 			� �

�
�
�
�
�

�

�

�
�
�
�
�

�

�

�

)(

)(
2

)(
1

)(

k
n

k

k

k

x

x
x

�
x

�R®K­=RI�J�k+1�

� � �
�
�
�
�

�

�

�
�
�
�
�

�

�

�

�

�

�

�

)1(

)1(
2

)1(
1

)1(

k
n

k

k

k

x

x
x

�
x

LMR xiSHI�k�]cpQJ

20090312KN 22

��
�
�
�

�

�

��
�
�
�

�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

nnnnnn

n

n

b

b
b

x

x
x

aaa

aaa
aaa

��

�

����

�

�

2

1

2

1

21

22221

11211

±²K�9:;�nNROa�%nNR9:;

i
k

nin
k

iii
k

iii
k

iii
k

i
k

i bxaxaxaxaxaxa ������ ��
�

		
)()(

11
)1()(

11
)(

22
)(

11 ��

nNR9:;JK^�^<VIVd
iPÃR9:;J<df1S%xi

(k+1)RùWOa�%_fSQaRJfUI<d

� �)()(
11

)(
11

)(
22

)(
11

)1( 1 k
nin

k
iii

k
iii

k
i

k
ii

ii

k
i xaxaxaxaxab

a
x 					� ��		

� ��

ininiiiiiiiiiii bxaxaxaxaxaxa ������ ��		 �� 11112211

20090312KN 23

� �)(
1

)(
414

)(
313

)(
2121

11

)1(
1

1 k
nn

kkkk xaxaxaxab
a

x 				�� �

� �)(
2

)(
424

)(
323

)1(
1212

22

)1(
2

1 k
nn

kkkk xaxaxaxab
a

x 				� �� �

� �)1(
11,

)1(
22

)1(
22

)1(
11

)1( 1 �
		

���� 				� k
nnn

k
n

k
n

k
nn

nn

k
n xaxaxaxab

a
x �

�R®K­=RI�J�k+1�

� �

� �)(
3

)(
434

)1(
232

)1(
1313

33

)1(
3

1 k
nn

kkkk xaxaxaxab
a

x 				� ��� �

�
�
�
�
�

�

�

�
�
�
�
�

�

�

�

�

�

�

�

)1(

)1(
2

)1(
1

)1(

k
n

k

k

k

x

x
x

�
x

LMR xiSQ]� ÖYIVQ��S�k+1�
]cpQJJ/â�ERRJ�

¾"%ShT��ãqêd5)PQ
��#2UdÅVRêÖfVoYIVQ�

20090312KN 24

��
�
�
�

�

�

��
�
�
�

�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

��
�
�
�

�

�

nnnnnn

n

n

b

b
b

x

x
x

aaa

aaa
aaa

��

�

����

�

�

2

1

2

1

21

22221

11211

±²K�9:;

� �nixab
a

x
n

ijj

k
jiji

ii

k
i ����

�

�
��
�

�
	� 


 �

� 11
,1

)()1(

�R®K­=RI�J�k+1�

� �nixaxab
a

x
i

j

n

ij

k
jij

k
jiji

ii

k
i ���

�
�

�
�
�
�

�
		� 
 


	

� ��

�� 11 1

1 1

)()1()1(

ShT�

WX®(
YZ�4�

kHÃR¯°]
cpQ<RI�
J�k�

�
�
�
�
�

�

�

�
�
�
�
�

�

�

�

)(

)(
2

)(
1

)(

k
n

k

k

k

x

x
x

�
x

� �
� �21,1

)()1()()1(

����

	�� �
	

�

!

!

ni

xxxx k
i

k
iSG

k
i

k
iSOR�



20090312KN 25

<RI�J x(k)

�
�
�
�
�

�

�

�
�
�
�
�

�

�

�

)(

)(
2

)(
1

)(

k
n

k

k

k

x

x
x

�
x

"#
	

b

Axb )(k



 

�� �

�	�	
n

i
i

n

i

n

j

k
jiji

k bxab
1

2

1

2

1

)()( , bAxb

[)\48

� F]n§¨RqfM%kºk+1R=>�®JEãFPef
]�bI%x(k)S^UV<]5)UIVd 

� [A]{x}={b}fVö9:;J<VIVQRM%||b-Ax||~0
fnY¤5)U}fùnPefWM1Q 

� ¾"S||b||M_��GU}k[)\48lW`ôa�U
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Ödnb}��]5)U}fùnP "R
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cÄÔn0�"¯°��³´µ��
• Conjugate Gradient�%dUIkCGl�

– EqcÄÔnk0�"l¯°�
• �e^�Jru�Symmetric Positive Definite�SPD�

– ��R
ªå4{x}]�UI{x}T[A]{x}>0
– H�f�*>0%Hè+J>0%H+*ru;>0f�J
– �W@�g���hij%k6%l�ã�;h�mR��qSPD

• 345678
– Enop��Steepest Descent Method�R�q
– x(i)= x(i-1) + %ip(i)

• x(i)�¯°<%p(i)�rs
ªå4%%i����

– tÞ<JyfPQf1 {x-y}T[A]{x-y}JE
fPQ�ön{x}J�ô
Q 

– uvSwxyzw{
• Ì�¤�|^}k�J<~��2��l�³²���
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³´µ��R345678

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
z(i-1)= r(i-1)

&i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
'i-1= &i-1/&i-2
p(i)= z(i-1) + 'i-1 p(i)

endif
q(i)= [A]p(i)

%i = &i-1/p(i)q(i)
x(i)= x(i-1) + %ip(i)
r(i)= r(i-1) - %iq(i)
check convergence |r|

end

• ru
ªå4�
• 
ªå4Ð�
• 
ªå4��UR*�

x(i) �
ªå4
%i �®N@�
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� � � � � �bxAxxxf ,,
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2
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·¸¹�preconditioning�fS?
• ¯°�R5)Sú�ruRè+J*�]�Á

– è+J*�W4nd%s^1]øV�&5)W�V���ru�
– §¨��condition number���e^��!E�E
è+J2

• §¨�W1]øV�&5)U:PV

– �f��
• qfRú�ru[A]]�d�}·¸¹ru[M]JFâPQef
]�bIè+J*�J��PQ 
– ·¸¹ru[M]]�bI�R9:;[A]{x}={b}J
[A’]{x’}={b’}�f��PQ eeM[A’]=[M]-1[A]%
{b’}=[M]-1{b} M_Q 

– [A’]=[M]-1[A]W��ru]øpY¤�V%fVöef]nQ 

• k·¸¹lSÞru%Ýrufq]/âPQW%�¾SÝru
J��]PQefW�V 
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·¸¹î³´µ��
Preconditioned Conjugate Gradient Method �PCG�

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

&i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
'i-1= &i-1/&i-2
p(i)= z(i-1) + 'i-1 z(i)

endif
q(i)= [A]p(i)

%i = &i-1/p(i)q(i)
x(i)= x(i-1) + %ip(i)
r(i)= r(i-1) - %iq(i)
check convergence |r|

end

Ë�]:Q¥1� S�

, - ( ) , -rMz 1	�

( ) ( ) ( ) ( )AMAM .. 		 ,11

�f®��6�?���!¦V

( ) ( ) ( ) ( )DMDM �� 		 ,11

§ëR·¸¹�;AR�ru

( ) ( ) ( ) ( )AMAM �� 		 ,11

kø��rulR� Wg-�

20090312KN 38

�f®��6�?%�ShT·¸¹

• ·¸¹rufUI%qfRruR�f�*RùJ¨ã�U}
ruJ·¸¹ru [M] fPQ 
– �f®��6�?%�ShT�point-Jacobi�·¸¹

( )
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�

�
�
�
�
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�

	

N

N

D
D

D
D

M

0...00
000
.........
000
00...0

1

2

1

• solve [M]z(i-1)= r(i-1)fVö��]�ruJ��]�
ôQefWM1Q 

• ��nxyMS5)PQ 
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ILU(0), IC(0)
• Eq�d/âÖYIVQ·¸¹�Ýruâ�

– ©�HLU*<
• Incomplete LU Factorization

– ©�Hh«®g�*<
• Incomplete Cholesky Factorization��eru�

• ©�Hn¡¢�
– qfRruWÝMq%�ruSÝfS,ÅnV 
– fill-in
– qfRruf��0þ>ª����fill-in_U�J«bIVQRW

ILU�0�%IC�0�
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• ±²K�9:;R<�
– Gauss-Seidel�
– CG��³´µ���

• +,#��]�Q3=6�����
• �����R345678
• Geometrical MultigridRËÌ

– Í�ÎÏÐRÑÒ�"%�3��9:;
– � Ì
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¬¬Z4Râ�

"#$%&'%Intel"()*+,-
>$ cd
>$ source /opt/itc/mpi/mpiswitch.sh mpich-mx-intel
>$ cp /home/h08000/mgclass.tar .
>$ tar xvf mgclass.tar

./0123456789:;<=>?@A
mgclass

B0/CD%./01234567E<F
parallel  single

=GH?.I<$P>%<$S>>JK

LM"()*+CN<>O
>$ source /opt/itc/mpi/mpiswitch.sh mpich-mx-hitachi
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��fPQ3=6�����R�-

• ��9:;�����3��9:;

• +,#���Finite Volume Method%FVM�����G
– ��2�R-.%-.
�M��J�� 
– ¡¢)*��Direct Finite Difference Method�fq£¤YQ

– http://nkl.cc.u-tokyo.ac.jp/seminars/0812-JSIAM/2008JSIAMfall-01.pdf

• ¥¦§¨
– �©6ª«%#�¬@­ª®

• ¯°�]�Q±²K�9:;<�
– Gauss-Seidel
– ³´µ���CG�¶·¸¹�IC(0)�ºICCG
– �����
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•»-.M#�¬@­ª®
•Z=Zmax¼M�=0

»-.R#�¬@­ª®
= -�1½-.#��
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� ÉÊ�N=323�
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+,#��
Finite Volume Method �FVM�

¼J¾¿PQ¬@­ª®RÀÁ]ÂÃ
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Ç¢-.fRÈ�

#�¬@­ª®

die
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K��)*�fR23�1/3�
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KMR®Ö�hR^92�­�C
¢¯¼�� Sik= �h
-.#�� Vi = �h2

¢¯¼{MRÆ�� dij=�h/2

�h

eR¼J¾¿PQ¬@­ª®�Qsib

¬�6°R�±
¼J¾¿PQ¬@­ª®
!���K��²4µ��

³Ö�1
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K��)*�fR23�2/3�
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K��)*�fR23�3/3�
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1 ������

KMR®Ö�hR^92�­�C
¢¯¼�� Sik= �h
-.#�� Vi = �h2

¢¯¼{MRÆ�� dij=�h/2

³Ö�1
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���v±^UV���)*��
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<VIVQxy�����3��9:;
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•»-.M#�¬@­ª®
•Z=Zmax¼M�=0

»-.R#�¬@­ª®
= -�1½-.#��

�=0 at Z=Zmax
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� RÚº
=>?@8%g-n¬¬Z4»

mg
�­�C¼½¾«��

solMG
�3��9:;
�4O�

mesh.dat
�­�C¬¬Z4

INPUT.DAT
¿À¬¬Z4
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=>?@8RËr
h�ªZ4

$> cd <$S>/run

$> ls mg
mg

$> f90 –Oss –noparallel mg.f –o mg

$> cd ../src
$> make
$> ls ../run/solMG

solMG

�­�C¼½¾«��� mg

�3��9:;�4O�� solMG

��®h�m�mg.f%	²h�ªZ@
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=>?@8RËr
�­�CÁ�

$> cd <$S>/run
$> $> ./mg

3
$> ls mesh.dat

mesh.dat

NX%NY%NZJÂ$PQf%kmesh.datlWÁ
�ÖYQ%;=>?@8MSNX=NY=NZnR
M%NXRùÂ$

NX
NY

NZ

X,Y,Z9 R-.�
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mesh.dat�1/5�P���P���P
QR
���� ���Q��� ���S��� ��� ������������
Q�������P��� ���T��� �������Q��������
P���Q��� ��� ���U��� ���Q���P��������
S��� ���T�������R��� ���P�������Q����
T���S���U���Q���V��� ���S���Q���Q����
U���T��� ���P���W��� ���T���P���Q����
R��� ���V���S��� ��� ���U�������P����
V���R���W���T��� ��� ���R���Q���P����
W���V��� ���U��� ��� ���V���P���P����

� ��� ������� ���P�������W�����������Q
����� ���Q��� ���S���Q��Q ���Q�������Q
�Q������� ��� ���T���P��Q����P�������Q
�P��� ���S��� ���U���S��QQ�������Q���Q
�S���P���T�������R���T��QP���Q���Q���Q
�T���S��� ���Q���V���U��QS���P���Q���Q
�U��� ���R���P��� ���R��QT�������P���Q
�R���U���V���S��� ���V��QU���Q���P���Q
�V���R��� ���T��� ���W��QR���P���P���Q
�W��� ��Q ��� ��QQ��� ��� �����������P
Q ���W��Q���� ��QP������� ���Q�������P
Q���Q ��� ��� ��QS���Q��� ���P�������P
QQ��� ��QP���W��QT���P��� �������Q���P
QP��QQ��QS��Q ��QU���S��� ���Q���Q���P
QS��QP��� ��Q���QR���T��� ���P���Q���P
QT��� ��QU��QQ��� ���U��� �������P���P
QU��QT��QR��QP��� ���R��� ���Q���P���P
QR��QU��� ��QS��� ���V��� ���P���P���P

X�Y���Q��Z�� 
� �Z���
���������[
X�Y���Q��Z�� 
� �Z��\]^_�`�

���
�����\]^_�`�
X�Y���Q��a�� 
� �b��

����^\cd�ee�
�����������U�� �
�[�
�����������P�

�����
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mesh.dat�2/5�

X�Y���Q��Z�� 
� �Z���
���������[
X�Y���Q��Z�� 
� �Z��\]^_�`�

���
�����\]^_�`�
X�Y���Q��a�� 
� �b��

����^\cd�ee�
�����������U�� �
�[�
�����������P�

�����

X,Y,Z9 R-.�

P���P���P
QR
���� ���Q��� ���S��� ��� ������������
Q�������P��� ���T��� �������Q��������
P���Q��� ��� ���U��� ���Q���P��������
S��� ���T�������R��� ���P�������Q����
T���S���U���Q���V��� ���S���Q���Q����
U���T��� ���P���W��� ���T���P���Q����
R��� ���V���S��� ��� ���U�������P����
V���R���W���T��� ��� ���R���Q���P����
W���V��� ���U��� ��� ���V���P���P����

� ��� ������� ���P�������W�����������Q
����� ���Q��� ���S���Q��Q ���Q�������Q
�Q������� ��� ���T���P��Q����P�������Q
�P��� ���S��� ���U���S��QQ�������Q���Q
�S���P���T�������R���T��QP���Q���Q���Q
�T���S��� ���Q���V���U��QS���P���Q���Q
�U��� ���R���P��� ���R��QT�������P���Q
�R���U���V���S��� ���V��QU���Q���P���Q
�V���R��� ���T��� ���W��QR���P���P���Q
�W��� ��Q ��� ��QQ��� ��� �����������P
Q ���W��Q���� ��QP������� ���Q�������P
Q���Q ��� ��� ��QS���Q��� ���P�������P
QQ��� ��QP���W��QT���P��� �������Q���P
QP��QQ��QS��Q ��QU���S��� ���Q���Q���P
QS��QP��� ��Q���QR���T��� ���P���Q���P
QT��� ��QU��QQ��� ���U��� �������P���P
QU��QT��QR��QP��� ���R��� ���Q���P���P
QR��QU��� ��QS��� ���V��� ���P���P���P

NX
NY

NZ
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mesh.dat�3/5�

X�Y���Q��Z�� 
� �Z���
���������[
X�Y���Q��Z�� 
� �Z��\]^_�`�

���
�����\]^_�`�
X�Y���Q��a�� 
� �b��

����^\cd�ee�
�����������U�� �
�[�
�����������P�

�����

-.��NX½NY½NZ

P���P���P
QR
���� ���Q��� ���S��� ��� ������������
Q�������P��� ���T��� �������Q��������
P���Q��� ��� ���U��� ���Q���P��������
S��� ���T�������R��� ���P�������Q����
T���S���U���Q���V��� ���S���Q���Q����
U���T��� ���P���W��� ���T���P���Q����
R��� ���V���S��� ��� ���U�������P����
V���R���W���T��� ��� ���R���Q���P����
W���V��� ���U��� ��� ���V���P���P����

� ��� ������� ���P�������W�����������Q
����� ���Q��� ���S���Q��Q ���Q�������Q
�Q������� ��� ���T���P��Q����P�������Q
�P��� ���S��� ���U���S��QQ�������Q���Q
�S���P���T�������R���T��QP���Q���Q���Q
�T���S��� ���Q���V���U��QS���P���Q���Q
�U��� ���R���P��� ���R��QT�������P���Q
�R���U���V���S��� ���V��QU���Q���P���Q
�V���R��� ���T��� ���W��QR���P���P���Q
�W��� ��Q ��� ��QQ��� ��� �����������P
Q ���W��Q���� ��QP������� ���Q�������P
Q���Q ��� ��� ��QS���Q��� ���P�������P
QQ��� ��QP���W��QT���P��� �������Q���P
QP��QQ��QS��Q ��QU���S��� ���Q���Q���P
QS��QP��� ��Q���QR���T��� ���P���Q���P
QT��� ��QU��QQ��� ���U��� �������P���P
QU��QT��QR��QP��� ���R��� ���Q���P���P
QR��QU��� ��QS��� ���V��� ���P���P���P

NX
NY

NZ
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mesh.dat�4/5�

X�Y���Q��Z�� 
� �Z���
���������[
X�Y���Q��Z�� 
� �Z��\]^_�`�

���
�����\]^_�`�
X�Y���Q��a�� 
� �b��

����^\cd�ee�
�����������U�� �
�[�
�����������P�

�����

Ç¢-.�NEIBcell(i,k)

1¢ÃÃS¾UPÃMP�ÄùÅ¤U�

P���P���P
QR
���� ���Q��� ���S��� ��� ������������
Q�������P��� ���T��� �������Q��������
P���Q��� ��� ���U��� ���Q���P��������
S��� ���T�������R��� ���P�������Q����
T���S���U���Q���V��� ���S���Q���Q����
U���T��� ���P���W��� ���T���P���Q����
R��� ���V���S��� ��� ���U�������P����
V���R���W���T��� ��� ���R���Q���P����
W���V��� ���U��� ��� ���V���P���P����

� ��� ������� ���P�������W�����������Q
����� ���Q��� ���S���Q��Q ���Q�������Q
�Q������� ��� ���T���P��Q����P�������Q
�P��� ���S��� ���U���S��QQ�������Q���Q
�S���P���T�������R���T��QP���Q���Q���Q
�T���S��� ���Q���V���U��QS���P���Q���Q
�U��� ���R���P��� ���R��QT�������P���Q
�R���U���V���S��� ���V��QU���Q���P���Q
�V���R��� ���T��� ���W��QR���P���P���Q
�W��� ��Q ��� ��QQ��� ��� �����������P
Q ���W��Q���� ��QP������� Q�������P
Q���Q ��� ��� ��QS���Q��� ���P�������P
QQ��� ��QP���W��QT���P��� �������Q���P
QP��QQ��QS��Q ��QU���S��� ���Q���Q���P
QS��QP��� ��Q���QR���T��� ���P���Q���P
QT��� ��QU��QQ��� ���U��� �������P���P
QU��QT��QR��QP��� ���R��� ���Q���P���P
QR��QU��� ��QS��� ���V��� ���P���P���P

1 2 3
10 11 12
19 20 21

NX
NY

NZ

23
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NEIBcell�Ç¢UIVQ-.PÃ
¥¦¼R��S0

NEIBcell(icel,1)= icel – 1
NEIBcell(icel,2)= icel + 1
NEIBcell(icel,3)= icel – NX
NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel – NX*NY
NEIBcell(icel,6)= icel + NX*NY

NEIBcell(icel,2)NEIBcell(icel,1)

NEIBcell(icel,3)

NEIBcell(icel,5)

NEIBcell(icel,4)
NEIBcell(icel,6)
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mesh.dat�5/5�

X�Y���Q��Z�� 
� �Z���
���������[
X�Y���Q��Z�� 
� �Z��\]^_�`�

���
�����\]^_�`�
X�Y���Q��a�� 
� �b��

����^\cd�ee�
�����������U�� �
�[�
�����������P�

�����

X,Y,Z9 R�Æ�XYZ(i,j)

P���P���P
QR
���� ���Q��� ���S��� ��� ������������
Q�������P��� ���T��� �������Q��������
P���Q��� ��� ���U��� ���Q���P��������
S��� ���T�������R��� ���P�������Q����
T���S���U���Q���V��� ���S���Q���Q����
U���T��� ���P���W��� ���T���P���Q����
R��� ���V���S��� ��� ���U�������P����
V���R���W���T��� ��� ���R���Q���P����
W���V��� ���U��� ��� ���V���P���P����

� ��� ������� ���P�������W�����������Q
����� ���Q��� ���S���Q��Q ���Q�������Q
�Q������� ��� ���T���P��Q����P�������Q
�P��� ���S��� ���U���S��QQ�������Q���Q
�S���P���T�������R���T��QP���Q���Q���Q
�T���S��� ���Q���V���U��QS���P���Q���Q
�U��� ���R���P��� ���R��QT�������P���Q
�R���U���V���S��� ���V��QU���Q���P���Q
�V���R��� ���T��� ���W��QR���P���P���Q
�W��� ��Q ��� ��QQ��� ��� �����������P
Q ���W��Q���� ��QP������� Q�������P
Q���Q ��� ��� ��QS���Q��� ���P�������P
QQ��� ��QP���W��QT���P��� �������Q���P
QP��QQ��QS��Q ��QU���S��� ���Q���Q���P
QS��QP��� ��Q���QR���T��� ���P���Q���P
QT��� ��QU��QQ��� ���U��� �������P���P
QU��QT��QR��QP��� ���R��� ���Q���P���P
QR��QU��� ��QS��� ���V��� ���P���P���P

1 2 3
10 11 12
19 20 21

NX
NY

NZ
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NEIBcell�Ç¢UIVQ-.PÃ
¥¦¼R��S0

x

yz

i= XYZ(icel,1)
j= XYZ(icel,2), k= XYZ(icel,3)
icel= (k-1)*NX*NY + (j-1)*NX + i

NEIBcell(icel,1)= icel – 1
NEIBcell(icel,2)= icel + 1
NEIBcell(icel,3)= icel – NX
NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel – NX*NY
NEIBcell(icel,6)= icel + NX*NY

NEIBcell(icel,2)NEIBcell(icel,1)

NEIBcell(icel,3)

NEIBcell(icel,5)

NEIBcell(icel,4)
NEIBcell(icel,6)
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=>?@8RËr
=>?@8%g-n¬¬Z4»

mg
�­�C¼½¾«��

solMG
�3��9:;
�4O�

mesh.dat
�­�C¬¬Z4

INPUT.DAT
¿À¬¬Z4
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=>?@8RËr
¿À���kINPUT.DATlRá��1/2�

1.00e-0 1.00e-0 1.00e-0 DX/DY/DZ
1.00      1.0e-08            OMEGA, EPSICCG
1                            SOLVER  1:GS,2:ICCG,3:MG
100  100 ITERtotCr/p
0.95 CHANGElevel

• DX, DY, DZ
– »-.RX,Y,Z9 M®Ö

• OMEGA
– 1.0]è�

• EPSICCG
– 5)Ç�J "#

	

b

Axb )(k
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=>?@8RËr
¿À���kINPUT.DATlRá��2/2�

• SOLVER
– 1:GS�Gauss-Seidel�%2�ICCG%3�MG

• ITERtotCr%ITERtotCp
– ITERtotCr�Restriction�vºÈ�R��R¯°H�
– ITERtotCp�Prolongation�Èºv�R��R¯°H�

• CHANGElevel
– ·R¯°R[)fR2J¨bI%eRJ�ã�1pY¤�R
«
4�v%È��rd

1.00e-0 1.00e-0 1.00e-0 DX/DY/DZ
1.00      1.0e-08            OMEGA, EPSICCG
1                            SOLVER  1:GS,2:ICCG,3:MG
100  100 ITERtotCr/p
0.95                         CHANGElevel
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Ër

go.sh

#@$-r mg-single
#@$-q lecture1
#@$-N 1
#@$-J T1
#@$-e err
#@$-o 064_cg.lst
#@$-lM 28GB
#@$-lT 00:15:00
#@$

cd $PBS_O_WORKDIR

./solMG
exit

>$ cd <$S>/run
>$ qsub go.sh
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� Ì�¯°H�%� ��%T2K�

N Gauss-Seidel ICCG

83=          512 1,251
�0.03 sec�

19
�<0.01�

163=       4,096 5,350
�1.22 sec�

38
�0.01�

323=     32,768 22,100
�55.7�

73
�0.28�

643=   262,144 141
�6.59�

1283=2,097,152 273
�105.4�

• ICCGR¯°H���lN1/3]2Ì�8URxyvwM2U�
– ¥¦§¨]q�QW

• xyvwW1000U�� ��10004/3!104U
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� Ì%5)ÉÊ�N=83=512�

1.E-09

1.E-07

1.E-05

1.E-03

1.E-01

1.E+01

0 50 100 150 200 250

Iterations

R
es

id
ua

l

GS
ICCG
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• ±²K�9:;R<�
– Gauss-Seidel�
– CG��³´µ���

• +,#��]�Q3=6�����
• �����R345678
• Geometrical MultigridRËÌ

– Í�ÎÏÐRÑÒ�"%�3��9:;
– � Ì
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MultigridfS
https://computation.llnl.gov/casc/

• ��J/âUI��GÖY}Ë]�UI¯°�JFâPQ�
�%�;Ô]��ÌZ7f��Í®J«b}�)WÎÏ�d
�ÐPQ 
– Gauss-Seidel%SOR

• UsUnWÅ%®Í®R�)Snsns�ÐUnV 
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Gauss-Seidel�%SOR�R5)

ITERATION#

R
ES

ID
U

A
L

EBSÑ��d
[)W�4
�ÒÍ®�*�
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Gauss-Seidel�%SOR�R5)

ITERATION#

R
ES

ID
U

A
L

��][)W�4
UndnQ
�®Í®�*�
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MultigridfS
https://computation.llnl.gov/casc/

• ��J/âUI��GÖY}Ë]�UI¯°�JFâPQ�
�%�;Ô]��ÌZ7f��Í®J«b}�)WÎÏ�d
�ÐPQ 
– Gauss-Seidel%SOR

0.00

0.25

0.50

0.75

1.00

0 100 200 300 400 500

Iterations

R
es

id
ua

l

GS ICCG
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MultigridfS
https://computation.llnl.gov/casc/

• ��J/âUI��GÖY}Ë]�UI¯°�JFâPQ�
�%�;Ô]��ÌZ7f��Í®J«b}�)WÎÏ�d
�ÐPQ 
– Gauss-Seidel%SOR

• UsUnWÅ%®Í®R�)Snsns�ÐUnV 
• ¾"%�­�C��xyvw�W�dnY¤XYÓp%5){M
R¯°H�WÔ*PQ 

– � ��SkxyÌZ7½¯°H�Ô�ÎÊl]2ÌPQ}ô%
kScalable�� ��WxyÌZ7]Rù2ÌPQ�lfSV�nV 

– ICCG�RÌ
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MultigridfS�01�
https://computation.llnl.gov/casc/

• Multigrid�������fS%vsV��fÈV��J/
âUI%»Í®R�)JÎÏÔ]�ÐÖ%QÚ�M_Q 
ÈV��J/âPY¤%®Í®R�)J�ÐÖ%QefW
M1Q 

• Multigrid�MS%»Í®R�)JKØ]�ÐÖ%QefW
��n}ô�
– 5)Wêd%s^scalable�¯°{MR5)H�WxyÌZ7]
ýoÅ�KØ%U}WbI� ��WxyÌZ7]Rù2Ì�

– �vwxy p<�fUI¶ÃÖYIVQ
• ÈV��M�ô}Õ�JvsV��]cÂPQ(((fVö
efMSnV�XöVö<�q_QW� 
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Multigrid
Multigrid is scalable !!!

=>�­ÌA}ãRxyvwè��Weak Scaling

MG: scalable

ICCG: unscalable
METHOD=2

GS: unscalable
METHOD=1

Number of Processors (Problem Size)

Ti
m

e 
to

 S
ol

ut
io

n

200

150

100

50

0
100 101 102 103

Based on LLNL
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MultigridR�-�1/5�
0 Gauss-Seidel fgh0ijklmfDnopqr*sCtuv<

wx?yz{|}~�0��CD��:;<7%|}0~�0�

�%x;wx0~�D��?����:y�����g;��7

�;�

0 ����6o�fD=0��g%x;wx0~�7�;����

��kC��v<>;� ¡¢C£¤;:;<�=GC¥;: 2
3¦�0§?,-�:¨©v<�
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MultigridR�-�2/5�

ª«;��3¦�¬ fine grid level­C®;:./0¯°¢±²?³´

=>? ¡<F

AF uF = f ¬1­

==� AC ?�;��3¦�¬coarse grid level­C®µ<¶·�564

¸>v<>%�;��3¦�C®µ<¹ºD./0��C»¼½G

<F

uF
(i+1) = uF

(i) + RC¾F AC
-1 RF¾C ( f - AF uF

(i) ) ¬2­
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MultigridR�-�3/5�
==�F

RF¾C ª«;��«H�;��¿0¹ºÀÁ3$Â

¬restriction operator%ÃÄ¹Å­

RC¾F �;��«Hª«;��¿0¹ºÀÁ3$Â

¬prolongation operator%Æx¹Å­

=0��g¹ºÇÈC�z:%ª«;���É}?ÇÈ�%BG?�

;���¹º�%B0ÊË?ª«;��C¹Å�:|}?¹ºv<>

;�ÌÍÎ¸?ÏÐ�O<�

� � R1� ** cRcR T
CFFC , cSkË�l
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MultigridR�-�4/5�
1. ¯°Ñ½G{¢±² AF uF = f ?ª«;�������%ÊË? uF

(i)

= SF (AF, f )>v<�ÒÈ� SF (§¡Ó Gauss-Seidel) D��ÒÈ�

¬smoothing operator­>JÓG<�

2. ª«;����É} rF = f - AF uF
(i)?ÔÕ<�

3. ÃÄ¹ÅÀÁ3$Â RF¾C C�z:%ª«;����0É}?�;

��C¹Åv<FrC = RF¾C rF

4. ¢±² AC uC = rC ¬Öº×CØv<¢±²g0�ÙÖº¢±²Ú

>JK­?�;���³´�

5. �;����0³ uC «H%Æx¹ÅÀÁ3$Â RC¾F C�z:%ª

«;��C®µ<Öº× �uF
(i) = RC¾F uC ?ÔÕ<�

6. ª«;���0³?Öº×C�z:ÛÜv<FuF
(i+1) = uF

(i) + �uF
(i)

7. É}7£ÝÞ./Cg<ß�%.�0ÌÍÎ¸?���v�
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¿,Ö�(×®Ö�Ø �fS ?

¿,Ö�

×®Ö�

¾"S RFºC=[1,1,1,….]TR�önÙä«��J/â
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uF
(i) = SF (AF ,f)

rF = f - AF uF
(i)

rC = RFºC rF
= RFºC (f - AF uF

(i))
AC uC = rC

�uF
(i) = RCºF uC

= RCºF AC
-1 RFºC (f - AF uF

(i))

uF
(i+1) = uF

(i) + �uF
(i)

= uF
(i) + RCºF AC

-1 RFºC (f - AF uF
(i)) 3ä�¼·R�2�

uC = AC
-1 rC = AC

-1 rC
= AC

-1 RFºC (f - AF uF
(i))
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MultigridR345678�2«
4RÌ

vsV��M
9:;J<d

ÈV��M
9:;J<d

¿,Ö�
Restriction

×®Ö�
Prolongation

1. ¯°Ñ½G{¢±² AF uF = f ?ª«;�������%ÊË? uF
(i)

= SF (AF, f )>v<�ÒÈ� SF (§¡Ó Gauss-Seidel) D��ÒÈ�

¬smoothing operator­>JÓG<�

2. ª«;����É} rF = f - AF uF
(i)?ÔÕ<�

3. ÃÄ¹ÅÀÁ3$Â RF¾C C�z:%ª«;����0É}?�;

��C¹Åv<FrC = RF¾C rF

4. ¢±² AC uC = rC ¬Öº×CØv<¢±²g0�ÙÖº¢±²Ú

>JK­?�;���³´�

5. �;����0³ uC «H%Æx¹ÅÀÁ3$Â RC¾F C�z:%ª

«;��C®µ<Öº× �uF
(i) = RC¾F uC ?ÔÕ<�

6. ª«;���0³?Öº×C�z:ÛÜv<FuF
(i+1) = uF

(i) + �uF
(i)

7. É}7£ÝÞ./Cg<ß�%.�0ÌÍÎ¸?���v�

uF
(i+1) = uF

(i) + RC¾F AC
-1 RF¾C ( f - AF uF

(i) )
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MultigridR345678�2«
4RÌ

vsV��M
9:;J<d

ÈV��M
9:;J<d

¿,Ö�
Restriction

×®Ö�
Prolongation

dodo iteriter= 1, = 1, ITERmaxITERmax

enddoenddo

1. ¯°Ñ½G{¢±² AF uF = f ?ª«;�������%ÊË? uF
(i)

= SF (AF, f )>v<�ÒÈ� SF (§¡Ó Gauss-Seidel) D��ÒÈ�

¬smoothing operator­>JÓG<�

2. ª«;����É} rF = f - AF uF
(i)?ÔÕ<�

3. ÃÄ¹ÅÀÁ3$Â RF¾C C�z:%ª«;����0É}?�;

��C¹Åv<FrC = RF¾C rF

4. ¢±² AC uC = rC ¬Öº×CØv<¢±²g0�ÙÖº¢±²Ú

>JK­?�;���³´�

5. �;����0³ uC «H%Æx¹ÅÀÁ3$Â RC¾F C�z:%ª

«;��C®µ<Öº× �uF
(i) = RC¾F uC ?ÔÕ<�

6. ª«;���0³?Öº×C�z:ÛÜv<FuF
(i+1) = uF

(i) + �uF
(i)

7. É}7£ÝÞ./Cg<ß�%.�0ÌÍÎ¸?���v�

uF
(i+1) = uF

(i) + RC¾F AC
-1 RF¾C ( f - AF uF

(i) )
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vsV��MtÞ]9:;J
<dg-S_V

ITERATION#

R
ES

ID
U

A
L

ITERATION#

R
ES

ID
U

A
LvsV��M

9:;J<d

•ÚHs¯°PQ
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vsV��MtÞ]9:;J
<dg-S_V

ITERATION#

R
ES

ID
U

A
L

ITERATION#

R
ES

ID
U

A
LvsV��M

9:;J<d

•®Í®�*W��Ô]nb
I1}Å
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vsV��MtÞ]9:;J
<dg-S_V

vsV��M
9:;J<d

ÈV��M
9:;J<d

¿,Ö�
Restriction

•ÈV��]ÛQ
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vsV��MtÞ]9:;J
<dg-S_V

vsV��M
9:;J<d

ÈV��M
9:;J<d

×®Ö�
Prolongation

•vsV��R<JÜ^%Ö
^UI
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vsV��MtÞ]9:;J
<dg-S_V

ITERATION#

R
ES

ID
U

A
L

ITERATION#

R
ES

ID
U

A
LvsV��M

9:;J<d

•{}%vsV��MÚHs
¯°PQ
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MultigridR�-�5/5�

0 =0 2 3¦�0ÌÍÎ¸?àákC�âãC�-v<=>C�

z:%����6o�0ÙV-CycleÚ7ÏÐäå�E<�

0 ÙV-CycleÚ0æ3¦�0ÇÈ7�çCèé½GGÓ%|}0E

Hê<x½0wx?yz{~�?ëìC��½í<=>7�O

<�

0 ÇÈîÅ7ïðñòCó§v<;ôê<ÙscalableÚgõf0è

ö7äå�E<�
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eYJ�Ý[MÞÕÔ]ËßPQR
WMultigrid�V-CylcleRÌ�

vsV��M
9:;J<d

vsV��M
9:;J<d

vsV��M
9:;J<d

ÈV��M
9:;J<d

ÈV��M
9:;J<d

ÈV��M
9:;J<d

vsV��M
9:;J<d

vsV��M
9:;J<d
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eYJ�Ý[MÞÕÔ]ËßPQR
WMultigrid�W-CylcleRÌ�
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vsV��M
9:;J<d

ÈV��M
9:;J<d

¿,Ö�
Restriction

×®Ö�
Prolongation

do level= do level= LEVELtotLEVELtot, 1, , 1, --11

enddoenddo

dodo iteriter= 1, = 1, ITERmaxITERmax

do level= 1,do level= 1, LEVELtotLEVELtot

enddoenddo

enddoenddo

V-CylcleRÌ
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� Ì�¯°H�%� ��%T2K�

N Gauss-Seidel ICCG

83=          512 1,251
�0.03 sec�

19
�<0.01�

163=       4,096 5,350
�1.22 sec�

38
�0.01�

323=     32,768 22,100
�55.7�

73
�0.28�

643=   262,144 141
�6.59�

1283=2,097,152 273
�105.4�

MG
4

�<0.01�
6

�0.02�
9

�0.24�
12
�2.42�

15
�23.8�
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Geometric/Algebraic Multigrid

• kÈV��lJ&ö:bIáQs]�bI%Geometricf
AlgebraicRÍ¾ãRÚ�W_Q 

• GeometricS¡àÔ]¹<U:PV 
– �­�CR[\¸¹J/â� )*%Adaptive Mesh

• AlgebraicS%iå6ª®Rh¾ªK©TK©]�áVIV
Q}ô%fb^1]dVà�WPQW%SQs]¬«g�
T6K©]âãMVQ 
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MultigridRäå%xy�
• Gauss-SeidelR�ön��nÚ�Ræù�o%M

ICCG��ãêd� WM1Q��W_Q
– uUdS=>?@8JçèdÓÖV�FORTRANÓp&(((�

• xy]�Á�&ãnxyMq<pQopMSnV
– �3��9:;�È�é%1ê�1Ñë`�Wì�
– ª@���W�V���W�V��íî

• ØÙnÈï
– 012xy�Newton-Krylov
– KrylovË¯°<�R·¸¹�MGCG

• ³´µ��R·¸¹Ú�fUI%MGJâVQ

– Semi-Coarsening: ©ðñ%|96
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g�ò�m
• kScalablelfS

– � ��WxyvwRù]2Ì
• ¯°��xyvwW�1dnbIq¯°H�W�oÅnV
• xyvw]2ÌU}�R=>�­ÌJ/âPY¤� ��©�

– H#xyvwJè�UI%mNR=>�­ÌJ/âUI%m*R1M�
 M1Q(((fVöf1qkscalablelfVö�strong scaling

• �)R�Ð
– ÒÍ®%®Í®
– �­�C®Ö]�×U}�)WÎÏ�d�ÐPQ

• ó¤Ø ��Smoother
• ¿,Ö��Restriction�%×®Ö��Prolongation�
• Ü^9:;
• VÌZª4%WÌZª4
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Multigrid
Multigrid is scalable !!!

=>�­ÌA}ãRxyvwè��Weak Scaling

MG: scalable

ICCG: unscalable
METHOD=2

GS: unscalable
METHOD=1

Number of Processors (Problem Size)

Ti
m

e 
to

 S
ol

ut
io

n

200

150

100

50

0
100 101 102 103

Based on LLNL
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=>?@8R�-
http://nkl.cc.u-tokyo.ac.jp/07w/CW08/2007-11-21-CW08.pdf
http://nkl.cc.u-tokyo.ac.jp/07w/CW09/2007-11-28-CW09.pdf

• ���)*��
• �3��9:;

• Gauss-Seidel
• ICCG
• MG

– ó¤Ø ��Gauss-Seidel�
– VÌZª4
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8�23�NRk�l�­�CWô{bI
1NRkõl�­�CJ2�PQ

EqÈV�­�CS1½1½1�
H#W1�­�C
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=>?@8RËr
=>?@8%g-n¬¬Z4»

mg
�­�C¼½¾«��

solMG
�3��9:;
�4O�

mesh.dat
�­�C¬¬Z4

INPUT.DAT
¿À¬¬Z4



20090312KN 101

=>?@8RËr
�­�CÁ�

$> cd <$cur>/W3/mg/run
$> ./mg

4
$> ls mesh.dat

mesh.dat

pöRNX!NY!NZJÂ$PQf%
kmesh.datlWÁ�ÖYQ

• }ÓU(((
• NX%NY%NZS2R¥1÷MnpY¤nÅnV �­
�CÁ��]ä]°@�S�nVWi4B?6­m
R� WM1nV 

NX
NY

NZ

20090312KN 102

=>?@8RËr
¿À���kINPUT.DATlRá��1/2�

1.00e-0 1.00e-0 1.00e-0 DX/DY/DZ
1.00      1.0e-08            OMEGA, EPSICCG
1                            SOLVER  1:GS,2:ICCG,3:MG
100  100 ITERtotCr/p
0.95                         CHANGElevel

• DX, DY, DZ
– »-.RX,Y,Z9 M®Ö

• OMEGA
– =1.0�Gauss-Seidel%��QefS��

• EPSICCG
– 5)Ç�J

20090312KN 103

=>?@8RËr
¿À���kINPUT.DATlRá��2/2�

• SOLVER
– 1:GS�Gauss-Seidel�%2�ICCG%3�MG

• ITERtotCr%ITERtotCp
– ITERtotCr�Restriction�vºÈ�R��R¯°H�
– ITERtotCp�Prolongation�Èºv�R��R¯°H�

• CHANGElevel
– ·R¯°R[)fR2J¨bI%eRJ�ã�1pY¤�R
«
4�v%È��rd

1.00e-0 1.00e-0 1.00e-0 DX/DY/DZ
1.00      1.0e-08            OMEGA, EPSICCG
1                            SOLVER  1:GS,2:ICCG,3:MG
100  100 ITERtotCr/p
0.95 CHANGElevel
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ITERtotCr%ITERtotCp
do iter_out= 1, ITERmax

enddo

Restriction
do iterk= 1, ITERtotCr

(RELAX+RESTRICTION)

enddo

Prolongation
do iterk= 1, ITERtotCp

(RELAX+PROLONGATION)

enddo
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CHANGElevel
®Í®�*W��Ôn��Røù

ITERATIONS

R
ES

ID
U

A
L levelNEXTtoproceed

lCHANGEleve
R
Rif

i

i +
	1
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¹úÔnxy�

• xyW^�fnQ]S%
RestrictionfProlongationM�
�H�R¯°Wg-

– ó¤� RºPq�]UnpY¤
nÅnV

• Ë�SXR�ö]SnbIVn
VW%^�6JÀb}���ãq
êd5)PQ��W_Q
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ó¤� RºP
idir=1�¿,Ö�%idir=-1�×®Ö�

if (idir.eq.1) then
do icel= levMGcelINDEX(lev-1)+1, levMGcelINDEX(lev)

XPREV= XMG(icel)
RF= BMG(icel) - WAcoefMG(1,icel)*XMG(NEIBcellMG(1,icel))      &

&     - WAcoefMG(2,icel)*XMG(NEIBcellMG(2,icel))      &
&     - WAcoefMG(3,icel)*XMG(NEIBcellMG(3,icel))      &
&     - WAcoefMG(4,icel)*XMG(NEIBcellMG(4,icel))      &
&     - WAcoefMG(5,icel)*XMG(NEIBcellMG(5,icel))      &
& - WAcoefMG(6,icel)*XMG(NEIBcellMG(6,icel))

XMG(icel)= (RF*DDMG(icel)-XPREV)*OMEGA + XPREV
enddo
else
do icel= levMGcelINDEX(lev), levMGcelINDEX(lev-1)+1, -1

XPREV= XMG(icel)
RF= BMG(icel) - WAcoefMG(1,icel)*XMG(NEIBcellMG(1,icel))      &

&     - WAcoefMG(2,icel)*XMG(NEIBcellMG(2,icel))      &
&     - WAcoefMG(3,icel)*XMG(NEIBcellMG(3,icel))      &
&     - WAcoefMG(4,icel)*XMG(NEIBcellMG(4,icel))      &
&     - WAcoefMG(5,icel)*XMG(NEIBcellMG(5,icel))      &
& - WAcoefMG(6,icel)*XMG(NEIBcellMG(6,icel))

XMG(icel)= (RF*DDMG(icel)-XPREV)*OMEGA + XPREV
enddo

endif
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�����R=>?@8

• ûüW��

rC = RFºC rF

AC uC = rC

�uF
(i) = RCºF uC
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�����R=>?@8 <$S>/src
main
j=>?@8

input
¿À���Äý

pointer_init
�­�C¬¬Z4Äý

boundary_cell
¥¦§¨a�

poi_gen
ú�iå6ª®Á�

poi_gen_mg
ú�iå6ª®Á�������

GS
Gauss-Seidel�

ICCG
ICCG�

MULTIG
�����

outucd
�þGâ�$

RELAX_MG
»«
4]cpQó¤Ø 

RESTRICT_MG
»«
4]cpQ¿,Ö�
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� Ì�¯°H�%� ��%T2K�

N Gauss-Seidel ICCG

83=          512 1,251
�0.03 sec�

19
�<0.01�

163=       4,096 5,350
�1.22 sec�

38
�0.01�

323=     32,768 22,100
�55.7�

73
�0.28�

643=   262,144 141
�6.59�

1283=2,097,152 273
�105.4�

MG
4

�<0.01�
6

�0.02�
9

�0.24�
12
�2.42�

15
�23.8�
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wxyz

• ���1994�k�J"#��l%������>
– kéê<�lRKÌfUI��ÖYIVQ

• Briggs, W.L., Henson, V.E. and McCormick, S.F. 
(2000) A Multigrid Tutorial Second Edition, SIAM

• Trottemberg, U., Oosterlee, C. and Schüller, A. 
(2001) Multigrid, Academic Press
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• ±²K�9:;R<�
– Gauss-Seidel�
– CG��³´µ���

• +,#��]�Q3=6�����
• �����R345678
• Geometrical MultigridRËÌ

– Í�ÎÏÐRÑÒ�"%�3��9:;
– � Ì
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• ÷øùú�û�D�´8:´<
°ü

– �(5�%"ý0þ*��o4¸

– ��%���1�

• 	
��
– r= Rin

• u=v=w=0, T=1

– r= Rout
• u=v=w=0, T=0

– 
���

� ���Í�ÎÏÐñò]
cpQÑÒ�"xy

Rin=0.50

Rout=1.00
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• �����

– ��0²%�×���

– ��×���¬Navier-Stokes¢±²­

– ��� $���

• ��0²«H�!¹º×CØv<"ý#(¢±²7$H
G<

– ÇÈîÅ7««<

• %&MGCGfC�<"ý#(¢±²³f

– ����6o�¬MG­'()*OCGf

– Vr*4�

+,³fC�<�!¹º¸-$.
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• /�01¬20�345Ñ­60.30 0�G

– 718Ñ?39�O<�

– :�F;100m/sec=360km/h

• ��� $¢±²>��×%�×��²7<=>oÌ6
(��g´g<???

– ü@¢±²y3´g<

• ABCgz{��C7%ý�D6s.�DB��Dg;�

– �!7��×¢±²0EFG>�:�«öôGg´g<�

– �×���D010H0Ø·>g<�

– I450��%JK·4¥¬u,v,w,P­%¢±²D4¥C7P7L
gJK·�Dg;�

�����GFMF¢±²
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• ��0²%�×��²

�����GFMF¢±²

0�/2 u

• ��×��²%Navier-Stokes¢±²

� � 0
Re
1

��	2�/2�
�
� uuuu p

t
• NOP�0��D=GC��� $���7Q<7=
=�DRS
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• 01?LkC%�!?,kC³´
– MAC%SMACf%�!¹ºfgh>�:KHG:;<¢f

�����GF³f

u(n+1)W�ôQ¥1ê`�

ñ�ÀÁ±J�}P

� � 0
Re
1 )()1()()(

)()1(

��	2�/2�
�
	 �

�
nnnn

nn

p
t

uuuuu

0)1( �/2 �nu
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• 01?LkC%�!?,kC³´
– MAC%SMACf%�!¹ºfgh>�:KHG:;<¢f

�����GF³f

� � 0
Re
1 )()1()()(

)()1(

��	2�/2�
�
	 �

�
nnnn

nn

p
t

uuuuu

� � 0
Re
1' )()()()(

)(

��	2�/2�
�
	 nnnn

n

p
t

uuuuu

�Ônê`� u’
QaR�(n)���ê`�%
�$�]ýUI	Ô]�
 ��
ñ�ÀÁ±J�}PfS
,ÅnV
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• 01?LkC%�!?,kC³´
– MAC%SMACf%�!¹ºfgh>�:KHG:;<¢f

�����GF³f

� � 0
Re
1 )()1()()(

)()1(

��	2�/2�
�
	 �

�
nnnn

nn

p
t

uuuuu

� � 0
Re
1' )()()()(

)(

��	2�/2�
�
	 nnnn

n

p
t

uuuuu

�Ônê`� u’
QaR�(n)���ê`�%
�$�]ýUI	Ô]�
 ��
ñ�ÀÁ±J�}PfS
,ÅnV

20090312KN 120

• 01?LkC%�!?,kC³´
– MAC%SMACf%�!¹ºfgh>�:KHG:;<¢f

�����GF³f

� �( ) tpp nnn �	2	� �
	

� )()1()1( 'uu

)JfQ

� � 0
Re
1 )()1()()(

)()1(

��	2�/2�
�
	 �

�
nnnn

nn

p
t

uuuuu

� � 0
Re
1' )()()()(

)(

��	2�/2�
�
	 nnnn

n

p
t

uuuuu
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• 01?LkC%�!?,kC³´
– MAC%SMACf%�!¹ºfgh>�:KHG:;<¢f

�����GF³f

� �( ) tpp nnn �	2	� �
	

� )()1()1( 'uu

0)1( �/2 �nu

�
t

pp nn

�
�	� 1)()1(

)JfQ

´MJ
*PQ%}ÓU�

� � 0
Re
1 )()1()()(

)()1(

��	2�/2�
�
	 �

�
nnnn

nn

p
t

uuuuu

� � 0
Re
1' )()()()(

)(

��	2�/2�
�
	 nnnn

n

p
t

uuuuu
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• 01?LkC%�!?,kC³´
– MAC%SMACf%�!¹ºfgh>�:KHG:;<¢f

�����GF³f

� �( ) tpp nnn �	2	� �
	

� )()1()1( 'uu

'u/2���

)JfQ

´MJ
*PQ%}ÓU�

�$Ö^� �$]ýPQ�3��9:;

� � 0
Re
1 )()1()()(

)()1(

��	2�/2�
�
	 �

�
nnnn

nn

p
t

uuuuu

� � 0
Re
1' )()()()(

)(

��	2�/2�
�
	 nnnn

n

p
t

uuuuu

0)1( �/2 �nu

�
t

pp nn

�
�	� 1)()1(
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• TU
– 01~�

– V1

• WX�Y

– �!
– �!¹ºG

– Z[\�

• ]^¸_�6$(`aÄ
�f

¸Â]$��� ¬Staggered Grid­
01>�!?bgz{U�cdv<
efÑ7g´,-½G:;<
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�3��9:;]�PQ
tui4B?6­m�

• '()*OCGf

• Vr*4�

• ]^¸=h*1�fC�<¸.$i(�F��ÒÈ�

• �âãjkl$m�

• FORTRAN90nMPI
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• øopoC�q½í{I
r°?so>�:�q�

• 	
t´¬	
u­Cª
«;nopq?�q½í
<=>yäå�

• Ir°nopq
– flexible

+ÏvkIrwnopq
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20¼#Jv*GPQef]�bI
�­�CJÁ�PQ

Level 0
12 nodes
20 tri's

Level 1
42 nodes
80 tri's

Level 2
162 nodes
320 tri's

Level 4
2,562 nodes
5,120 tri's

Level 3
642 nodes

1,280 tri's
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�­�CÁ��Rõ�ýúJXR{{i4B
?6­m]�âPQ

Generate
Fine Meshes

Coarse
Grid Info
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ñò*µ

• ·�9 Rù]*µ
– ·¸¹Ôn�­�C#ËJÀ«
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Semi-Coarsening
• ÃÄ¹Å?èév<xCD%ßy%+z¢{C¥;
:nopq?�´�:;O%+z¢{0nopq·
71Cgz{H%øpo0Ir°?º20o
ß��

´�:;´�
– +z¢{nopq·_1%Ir°·_20%�Çnopq·
_20>gz{>=|�p6ý�ÇÈ?èé

• Æx¹ÅC¥;:D=0}0~��èév<�
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�������	
��
	
��	� ���
��	���	�������	�����
��� �
	��	��	…

����� ���
 �
	
��
&���
	
��
 �	
�� �
	�

��
	
 �
����
'���
	&��� !	&���

��
	
 �	"	'���
��

��#��

$�
	���
��
%�
	&��� !	
��
$�

��
	
��	"	%� 
��

��
	
��	� %� 
��
%&�%'	%��������%�(	%�������	��	��%�����)

��#

MG·¸¹î1CG�4O�

Multigrid Preconditioning
eR+*JMultigridJ/bI<d
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VÌZª4i4B?6­m
Restriction�¿,Ö��

fine

coarse 0 3¦� k C®;:¢±² Ak uk = fk ?³O%ÊË? uk >v<

É} rk = fk - Ak uk ?ÔÕ<�

0 ÃÄ¹ÅÀÁ3$Â Rk¾k+1 C�z:%rk ?ëâã�;��¬3

¦� k+1­C¹Åv<Ffk+1 = Rk¾k+1 rk

0 3¦� k+1 C®;:¢±² Ak+1 uk+1 = fk+1 ?³´�

É} rk+1 = fk+1 – Ak+1 uk+1 ?ÔÕ<�

0 ÃÄ¹ÅÀÁ3$Â Rk+1¾k+2 C�z:%rk+1 ?ëâã�;��

¬3¦� k+2­C¹Åv<Ffk+2 = Rk+1¾ k+2 rk+1
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VÌZª4i4B?6­m
Prolongation�×®Ö��

fine

coarse
0 3¦� k+1 C®µ<³ uk+1 «H%Æx¹ÅÀÁ3$Â Rk+1¾k C

�z:%3¦� k C®µ<Öº× �uk= Rk+1¾ k uk+1 ?ÔÕ<�

0 3¦� k 0³?Öº×C�z:ÛÜv<Fuk= uk + �uk

0 3¦� k C®µ<³ uk «H%Æx¹ÅÀÁ3$Â Rk¾k-1 C�z

:%3¦� k-1 C®µ<Öº× �uk-1= Rk¾ k-1 uk ?ÔÕ<�
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¿,Ö�(×®Ö�Ø �

� � R1� ** cRcR T
CFFC , cSkË�l

, - ( ), -FCFC rRr *�

, - ( ), -TffffC rrrrr 43211111�

, - ( ) , -C
T

ffff uuuuu 11114321 �����

, - ( ), -CFCF uRu *�� c =1

¿,Ö�

×®Ö�

¿,Ö�

×®Ö�
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�Ý[¾�K�
4

PE#0 PE#1

LEVEL= i

LEVEL= I+1

PE#0 PE#1
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tu%�634� R]ã��
ÈV«
4MS�634� ]]ã��Q

;=>?@8MSEqÈV«
4Rù�634� 

Parallel Serial Parallel

Restriction Prolongation
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ÇÈÊË
1280x340=435,000 cells/PE
up to 56M DOF on 128 PE’s

ICCG/IBM BG-L MGCG/IBM BG-L
ICCG/IBM SP-3 MGCG/IBM SP-3

0

250

500

750

1000

1250

0 16 32 48 64 80 96 112 128

PE#

se
c.

• 1PE_}ãRxyÌZ7è�
• kScalablelM_Y¤%PE�W
Ô*%Pno÷xyÌZ7W�
1dnbIq%� ��W�oÅ
nVS� 

• ICCGMS%H#xyÌZ7W
�1dnQf%¯°H�WÔ*P
Q}ô%� ��qÔ*PQ 

• MGCGMS¯°H�W�oÅ
nV}ô%� ��S�fã&
�oÅnV 

– BG-L� IBM BG/L
– SP-3 : IBM SP3
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Ë�]� UIù�ö�ICCG�fR23

• xy
– Rin= 0.50%�r= 0.01�play.p_XXXX�
– 320¼#%1ñò_}ã1000\�320,000�­�C�
– PE�J��Qf%1ñò_}ãR�­�C�J320,000]è�UI
� JËß���RoutS�G�

$> cd <$P>/run
$> qsub go.sh

$> cd <$P>/src-iccg
$> make
$> ls ../run/soliccg

$> cd <$P>/src-mgcg
$> make
$> ls ../run/solmgcg
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¿À����input.dat����R+*W���
test.grid.320
r0.case
T         : COARSEgrid
4         : ILEVcoarse
APPROX       : COARSEgrid METHOD
10         : iterSSOR
1     : SOLFLAG= 1 (1:ICCG, 2:MCCG)
0          : NCOLORtot
10000          : DEPTHsgl
1.d0         : SIGMA= 1.d0
1.d-6        : EPS  = 1.d-8
1000           : ITERmax=
2          : iSLEV_MG_type
uniform       : BOUNDARY conditions
0.80d0, 0.80d0       : CMG1, CMG2
1.0d-24         : EPSMG
1.0d0          : EPScoarse
2         : COARSEsolver_flag
10000, 5, 5       : ITERc/r/p/MAX
1           : PEsmpTOT
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¿À����input.dat��BC�
test.grid.320
r0.case
T         : COARSEgrid
4         : ILEVcoarse
APPROX       : COARSEgrid METHOD
10         : iterSSOR
1     : SOLFLAG= 1 (1:ICCG, 2:MCCG)
0          : NCOLORtot
10000          : DEPTHsgl
1.d0         : SIGMA= 1.d0
1.d-6        : EPS  = 1.d-8
1000           : ITERmax=
2          : iSLEV_MG_type
uniform       : BOUNDARY conditions
0.80d0, 0.80d0       : CMG1, CMG2
1.0d-24         : EPSMG
1.0d0          : EPScoarse
2         : COARSEsolver_flag
10000, 5, 5       : ITERc/r/p/MAX
1           : PEsmpTOT

¥¦§¨
•uniform
•Xmin
•Xmax
•Ymin
•Ymax
•Zmin
•Zmax
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¥¦§¨Rø�9�
R=RmaxMRè�¥¦§¨

KØ]�=0fø�
• uniform

^20¼#R�ª­BM�=0fø�
�eR�f2sÅÁ�ÖYQ
�f2q
�Ø�

• Xmin%Xmax
• Ymin%Ymax
• Zmin%Zmax

kuniformlf23UI�S5)�V�ä
]ICCG�
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¥¦§¨Rø�9�
R=RmaxMRè�¥¦§¨�01�

^20¼#R�ª­BM�=0fø�
�eR�f2sÅÁ�ÖYQ
�f2q�Ø�
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¿À����input.dat��CMG1,CMG2�
test.grid.320
r0.case
T         : COARSEgrid
4         : ILEVcoarse
APPROX       : COARSEgrid METHOD
10         : iterSSOR
1     : SOLFLAG= 1 (1:ICCG, 2:MCCG)
0          : NCOLORtot
10000          : DEPTHsgl
1.d0         : SIGMA= 1.d0
1.d-6        : EPS  = 1.d-8
1000           : ITERmax=
2          : iSLEV_MG_type
uniform       : BOUNDARY conditions
0.80d0, 0.80d0       : CMG1, CMG2
1.0d-24         : EPSMG
1.0d0          : EPScoarse
2         : COARSEsolver_flag
10000, 5, 5       : ITERc/r/p/MAX
1           : PEsmpTOT

¯°R]�ª@���
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kCMG1lfS ?
0.80d0, 0.80d0       : CMG1, CMG2

Iterations

R
es

id
ua

l

R1

R2

R3 R4

R5

R6

k����º������lfnbIVQ
k������������¿,Ö��lR»«

4]cpQ¯°]cVI�

R(i) > CMG1½R(i-1)
(0<CMG1<1)

fVö��]nb}ÅeY# R
¯°S_!fUI%�Rk«
4l

��ãÈV«
4�]Û/PQ 

fine

coarse
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kCMG2lfS ?
0.80d0, 0.80d0       : CMG1, CMG2

k����º������lfnbIVQk������������¿,Ö��lR
»«
4]cpQ¯°]cVI%_Q«
4k]cpQ
[)JERRkfPQf1

ERRk < CMG2½ERRk-1
(0<CMG2<1)

fVö��]nb}Å%�Rk«
4l��ãÈV«
4�]
Û/PQ 

fine

coarse
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¿À����input.dat��EPSMG�
test.grid.320
r0.case
T         : COARSEgrid
4         : ILEVcoarse
APPROX       : COARSEgrid METHOD
10         : iterSSOR
1     : SOLFLAG= 1 (1:ICCG, 2:MCCG)
0          : NCOLORtot
10000          : DEPTHsgl
1.d0         : SIGMA= 1.d0
1.d-6        : EPS  = 1.d-8
1000           : ITERmax=
2          : iSLEV_MG_type
uniform       : BOUNDARY conditions
0.80d0, 0.80d0       : CMG1, CMG2
1.0d-24         : EPSMG
1.0d0          : EPScoarse
2         : COARSEsolver_flag
10000, 5, 5       : ITERc/r/p/MAX
1           : PEsmpTOT

EqÈV��MR¯°
"]�)
�EqÈV��MR� 
J&e{M^#]:Q
s�
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¿À����input.dat��ITERc/r/p/MAX�
test.grid.320
r0.case
T         : COARSEgrid
4         : ILEVcoarse
APPROX       : COARSEgrid METHOD
10         : iterSSOR
1     : SOLFLAG= 1 (1:ICCG, 2:MCCG)
0          : NCOLORtot
10000          : DEPTHsgl
1.d0         : SIGMA= 1.d0
1.d-6        : EPS  = 1.d-8
1000           : ITERmax=
2          : iSLEV_MG_type
uniform       : BOUNDARY conditions
0.80d0, 0.80d0       : CMG1, CMG2
1.0d-24         : EPSMG
1.0d0          : EPScoarse
2         : COARSEsolver_flag
10000, 5, 5       : ITERc/r/p/MAX
1           : PEsmpTOT

»«
4MRGauss-
SeidelR¯°H�
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¿À����input.dat��ITERc/r/p/MAX�
Gauss-SeidelR¯°H�

ITERcMAX:
EqÈV��

ITERrMAX:
������������¿,Ö�%vºÈ�

ITERpMAX:
$��%��&�������×®Ö�%Èºv�

Fine

Coarse

Fine

Coarse

10000, 5, 5       : ITERc/r/p/MAX

eYÅRJJ�1dPQf%H#R¯°H�S�4PQW
K¯°_}ãR� ��SÔ*PQºå«�mÙ¬
·îR^�6Rxyq_ã

20090312KN 148

go.sh
#@$-r mg
#@$-q lecture1
#@$-N 4
#@$-J T16
#@$-e err
#@$-o mgcg-064.lst
#@$-lM 28GB
#@$-lT 00:15:00
#@$

cd $PBS_O_WORKDIR

mpirun n2.sh ./solmgcg
exit

soliccg� ICCG�
solmgcg� MGCG�

$> cd <$P>/run
$> qsub go.sh
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h3��ñò��

• 4
– #@$-N 1
– #@$-J T4

• 8
– #@$-N 1
– #@$-J T8

• 16
– #@$-N 1
– #@$-J T16

• 32
– #@$-N 2
– #@$-J T16

• 64
– #@$-N 4
– #@$-J T16

6H
�7.14 sec�

181H
�13.9 sec�

4

19H
�26.0 sec�

2362H
�215.7 sec�

64

9H
�12.1 sec�

1195H
�107.0 sec�

32

7H
�9.50 sec�

610H
�54.0 sec�

16

6H
�7.18 sec�

328H
�25.3 sec�

8

MGCGICCGh3�
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� ÉÊ�h3�=32, 10.24½106 cell’s�
soliccg (ICCG)
…
1141    3.491998E-06
1161    2.085699E-06
1181    1.418004E-06
1195    8.236873E-07

### solver tot time    1.069786E+02 sec.  PE=    0
### comm.      time 4.377219E+00 sec.  PE=    0

9.590832E+01
0    1000    1.660144E+04    1.658377E+04

solmg (MGCG)
1    1.189154E+00
2    6.495532E-02
3    1.383950E-02
4    5.833822E-04
5    2.290085E-04
6    1.387011E-05
7    8.196302E-06
8    1.108853E-06
9    3.970644E-07

### solver tot time    1.212685E+01 sec.  PE=    0
### MGCG   6.109128E-01 sec.  PE=    0
### MG         1.151593E+01 sec.  PE=    0
### relax  1.097669E+01 sec.  PE=    0
### restriction 4.404089E-01 sec.  PE=    0
### prolongation       8.220959E-02 sec.  PE=    0
### comm.      time 1.852987E+00 sec.  PE=    0

8.471996E+01
0    1000    1.660144E+04    1.658377E+04
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• ��	
C®;:%�y�y
/Ü0Þ?,¡g;��

– ��0�Ñ

• ì�gP�7�HHG:;<

– ��ÅÀ$�$+oÌ

– HID¬Hierarchical Interface 
Decomposition­


