
MPI�������	
��
���
������I�

�������� �!�

"#$%

�������	
��
��������������
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������

• 1CPU���� ���!"�#���
$�Flat MPI�
– �
%&'"()*�+,-

• �
���!"�#�./��0��12"�#��34.56
789:;

– '"(<=�>?'"(@AB%C�
– DE

• FG
– H%IJK;LMNOPQ"R
– STUVI�CGI�JK;WX5YZ[\]O
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^!_1" �`a�

• 1300b1415 cd@5YeLMNOP����f�g,

• 1415b1545 �
'"()*�hiZ

• 1600b1630 5YeLMNOP����f��
$

• 1630b j�
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c d

• kT2Kl"��^mQ�n @kYop^"m"Q�q1"(n
r�st.cdJ@uvw�
��12"�#�x�?y
z@{|J�}~5����~};�

• �
DE�./}��:0�Jz@k�
�������n
��������;�

– �
DE�./}��:@���"�#�%�����@���
��=
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|�DE�|��|���=

����f���u|�
• �=21�� ¡j¢

– �=20��£|?z�9�Jj¢
– ���~¤¥R�¥�¦a§

• ¨©ª«�|¬­J�®;¯�����f�°' 

|�DE�|��||�DE�|��|
���=����f���=����f

±|²���±|²���

�|²����|²���

³´±�|²³´±�|²
������

µAB¶=�|µAB¶=�|
������

<{����·<{����· ³´¸¹º�("³´¸¹º�("

»¼�^½f»¼�^½f
��º�("��º�("
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4S¾���=¿À
k4Á�SnÂSystem@Stage, Status, Style�1/2�

• System
– SMASH
– �|��DE�ÃÄ

• StageÂ4Á�ÅÆ
– �
�������x�Ç
– È�ÉÊ+,@ Á¯�ËÌ

• ÍÎz� Ï�Ðf§Ñ�WÒ8Ó
|�

& '�()*+�,-./0
�1234.�5678�69�,�AA SS HH

: *+;	<7��
�5678�6=>AA SS

? ���5678�6SS MM AA SS HH

@ ��	
��
�9ABC�567
8�6�DEFGHI�

SS MM AA SS HH

JJ�KLM

HHardwareardware

SSoftwareoftware

AAlgorithmlgorithm

MModelingodeling

SSciencecience
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4S¾���=¿À
k4Á�SnÂSystem@Stage, Status, Style�2/2�

• StatusÂ42Ô ���
– A¾ÂkSMASHn

• �
����f.ÕÓst�Ö×
$@ØÙ�¥Ú��rzÛÜ�

– B¾ÂkSMASHn
• kHPC-MWnrst¸¹JK7�

����f.ÕÓst

• l"��Ý"^Q"RÕÓÞß

• StyleÂàá�âã
– �ä�å�@æ§�ä@�çè����@e-Learning
– àá�éêë����R�ì���íà�î"ÐJïðJFñ
– ì���òó.ôÓõö÷�}ÂQøØ.�;ùÜõö÷�}

– C¾ÂkSMASHn
• úû����f�ü"ý"

– S¾��ô����
• A¾Jþi~���
• �¥Ú��@st¸¹stJ��
• ÃJkDE�|bDE��|n��
JTXÁk���	n���

– 
2Ô JFñ�0¯�����
f.��:;�
�+,
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í�¨©COEJ�®;
�
DE�������¯�

• k�
DE�������n@k��DE�å�I�IIn
• ��u| ¨©ª«�|¬­�FY.2004~�

• k¨©��12"(nJp�÷�;K��u¾�
DE�./
}���@�O����J��2�_�~}ÜK�����.
�=:;�
�+,����5Á��;�

• ����@DE��|.¬�
��}|<JF�~�|��
��12"�#��0���
���������.8²�J
¯i;��z@���z� ���0�

• !"���#$z��¯�#$J%&
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�ä�å����

• �|��DEJ�®;àá�3I�� Ï�Ðf.±O�@

� Ï�ÐfJ�}~�
-.'�(:àá��).:;
�
�+,-@J*+.,}0

– e����!"�#��§-�� Ï�Ðf@j.��KÜ/ �~}
�0@k�
$nzÌ�Ü�}

– MPI�1Ø.2�~};�
Ê+,�z�;�@ÉÊ+,��zk�

%&'"()*n.} J3D:; 

• � Ï�Ðf.¯i;4®��Ü@�������Ê567
¯
i0

10

NO

• 8·�3I�H%I@9:,;Ir�
– 9:8<I�¤�^���"�¾�
– =�


• uB�3I�>?,;I@^@ë	 Ir�
– >?,;IÂFY.2004@2005
– AB�LMNÂFY.2006@2007
– C�


• DE}éêë����R�ì�<x�VF
– ¬­#
u�G@HI@J±@�|²@³´±�|²
– FORTRAN@C
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�
�������x�Ç

• È�+,��;�@�������¯�zK
7Lj¢÷�
~}�}

& '�()*+�,-./0
�1234.�5678�69�,�AA SS HH

: *+;	<7��
�5678�6=>AA SS

? ���5678�6SS MM AA SS HH

@ ��	
��
�9ABC�567
8�6�DEFGHI�

SS MM AA SS HH

JJ�KLM
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È�j���������.|MJz?

• �������NÓ.Á®;0�Jz@OP�~j���!"
�#�Q"R�Ý"^.kQRnNÓ.Á®;�
�+,�SJ
|T4�bu|U>V�
– WX@YI�ZQ�[
Ü

• �
DE�u\��zMPIr�II�z�Ü@�
'"()
*r�3D�FG���!"�#�@� Ï�ÐfJF:;]
}±O��,^È�+,

• �����_9�`azbcd
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����Ze

• �fz1CPU����� ���!"�#�Q"R.OP±O
– � Ï�Ðf�ö÷�}5YeH%I.gh
– LMNZ[\

• ���!"�#�Ji�0�
DE�0��'"()*�j8
·%&'"()*�.hi;

• k�~};FORTRAN�Ol�~}�:�@CmXn���
�!"�#�Ê%o@K
7L
�Ol:;��@p7qrz
 }��s�

14

t5T g,

• 5YeLMNZ[\
H%I
• WX5YZ[\�OI
• uvIJÁ}~

–STUVI�CG�I
–wx±JÁ}~

• STUVI./��05YeLMNOP���
�fJÁ}~
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5YeLMNZ[\�1/3�
qVZ[\Âyz�0�LMN{=1

xxBFxBF

xx
dx
dxBF

dx
d

max
2

max2

2

2
1

@0,0@0,0

���

������

�

���

5à8<tL BF

�=0 |L

j�z}~�K���&$.�~};������,

�=0

|L
��~
};�z���@
� ���zDE
÷��}
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5YeLMNZ[\�2/3�
OPO

xxBFxBF max
2

2
1

����

�=0
X=0

|L
��~
};�z���@
� ���zDE
÷��}�X=Xmax��

12255.98505.1200495.4949
2
1 2 ���������

�x=1.d0@�ê�1Ø=50@
:;
@Xmax=49.5@
����XG�z49.0
�;�BF=1.0d0
:;
�����zÂ
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��¥ Qq"

$ cp /home/z30088/1dheat.tar .
$ tar xvf 1dheat.tar
$ cd 1dheat

��'�2ë	�.<$1DH>
�M

$ ls
data   parallel   single

18

����f�Q�m¥ @j�I

• Q�m¥ @j�I

input.dat
50             N �ê�1Ø
1.d0 1.e0      dx, BF �ê�1D@8<tL�
5000           ITERmax Éuuv"Ø
1.e-7          EPS ���H

$ cd <$1DH>/single
$ f90 heat_cg.f –o cg
$ ./cg

$ cd <$1DH>/single
$ cc heat_cg.c –o cg
$ ./cg

• ����f��7 
$ cd <$1DH>/single
$ ls heat_cg.f

$ cd <$1DH>/single
$ ls heat_cg.c
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��0�����H%JÁ}~

• H%IÂFinite Difference Method
• øë���%

– �%�Ø.ØÙ�J��:;3I

• }~�K��5Ye².hi;

�x �x

�i-1 �i �i+1

20

������
}� ���aä

• ��i
i+1�§��J�®;�%�Ø

�x �x

�i-1 �i �i+1
�

xdx
d ii

i �
�

�	


�

�


� �

�

��� 1

2/1

�x�0
�;
�%�Ø�aä��Ê�

• iJ�®;�Æ�%�Ø

2
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2

2 2
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�C�aäÂTaylor�s�1/3�

�x �x

�i-1 �i �i+1

� � � �
�

iii
ii x
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�C�aäÂTaylor�s�2/3�

�x �x

�i-1 �i �i+1

� � � �
�

iii
ii x

x
x

x
x
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2
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����� �5�7�H�

�x�l"�"
�5Y ��

� � � �
�

iii

ii

x
x

x
x

xx 		
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�����
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�5�7�H�
�x�l"�"
�5Y ��
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�C�aäÂTaylor�s�3/3�

�x �x

�i-1 �i �i+1

� � � �
�

iii
ii x

x
x

x
x
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� � � �
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� �
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!3
2

2
���� �5�7�H�

(�x)2�l"�"
��Y ��
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���aäÂjz�Y �4�0

�x �x

�i-1 �i �i+1

� � � �
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5YeLMNZ[\�3/3�
,;z©�ªâZ[\

• 
,;J�®;ªâZ[\z}~�K��âJ�;

2
11

11

2/12/1
2

2 2
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xx
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dx
d
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d iii

iiii

ii

i �
��

�
�

�
�

�
�
�

�
�

	


�

�


��	



�

�


�

�		



�
��



� ��

��

�� ���
������

�

• H%IJK;�&$
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x
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x
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�������� �� ���
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d �
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12212
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WX5YZ[\ÂN=8�¦�
�2Ø8@Z[\�Ø8

)7()8()7()7()7()6()7(:7
)6()7()6()6()6()5()6(:6
)5()6()5()5()5()4()5(:5
)4()5()4()4()4()3()4(:4
)3()4()3()3()3()2()3(:3
)2()3()2()2()2()1()2(:2

BFAAAi
BFAAAi
BFAAAi
BFAAAi
BFAAAi
BFAAAi

RDL

RDL

RDL

RDL

RDL

RDL

�������
�������
�������
�������
�������
�������

���
���
���
���
���
���

)1()2()1()1()1(:1 BFAAi RD ����� ��

)8()8()8()7()8(:8 BFAAi DL ����� ��
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WX5YZ[\ÂN=8�¦�
Õ%
��«¬�­J®¯�=%�
�3Á�Â=�


AD1 AR1

AL2 AD2 AR2

AL3 AD3 AR3

AL4 AD4 AR4

AL5 AD5 AR5

AL6 AD6 AR6

AL7 AD7 AR7

AL8 AD8

1 2 3 4 5 6 7 8
1

2

3

4

5

6

7

8

� �
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1)(,2)(,1)(

81)()1()()()()1()(

x
iA

x
iA

x
iA

iiBFiiAiiAiiA

RDL

RDL

�
�

�
��

�
�

���������� ���

• ��K��k=�n�
.�Ø

:;WX5YZ[\.OÜ�

[A]{x}={b}

28

�Ø�
z=�
�Sparse Matrix�

• 0�í}
• ®¯�=%�­.°±:;ZI

– Compressed Row Storage, CRS�¡²�

• C�

³´�~µ7¶}�ËÌ
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• 5YeLMNZ[\
H%I
• WX5YZ[\�OI
• uvIJÁ}~

–STUVI�CG�I
–wx±JÁ}~

• STUVI./��05YeLMNOP���
�fJÁ}~

30

�|��DEJ�®;uvwªâ
Z[\�OI

• íÜ��|��DEz@É·�JuvwªâZ[\Ax=b.O
Ü�
J¸¹÷�;ÂkªâÝ é"n
– important, expensive

• ���!"�#�Jñº~àá�3I��»÷�~};
– =�
�sparse�@C�
�dense�
– �¼I�direct�@uvI�iterative�

• ��ä�å��z=�
@uvIJÁ}~¶��

• C�
�dense�
– ��"é �½¾¿��7ÂBEM@^@ë	 I@MO@MD�»À�

• =�
�sparse�
– �"� �½¾¿�ÂFEM@FDM@MD�Á�@�Âí+ô�s
BEM

31

�C�
�
çèABÊÃ�@íØAB
�½¾¿��7

>?,;I@^@ë	 I@MDI

32

�=�
�
�¼AB�­
�½¾¿�
H%I@9:,;I
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�¼I�Direct Method�
• Gauss�ÄÅI@ÆÇLU%O

– È�
A-1.�¼]�;

• É�
– �a@DE}���!"�#�Ji�ÖN

• Partial Pivoting

– =�
@C�
}f�JÊi�ÖN
• Ê�

– uvIK7Ê�°�@DEË�.�,
:;
• C�
�¦�@O�N3 ��DE�

– uvw�DEÌ®�z�}
• O�N2 ��°±$�@O�N3 ��DE�

34

uvI�Iterative Method�
• aÍ�stationary�I

– uvDE§@OÔë	 }¤�ÎØzÎ$Ïf
– SOR@Gauss-Seidel@Jacobi�L
– g�~Ð}

• ®aÍ�nonstationary�I
– ÑÒ@Éi$ÓÔ�þ/;
– KrylovT%Õ��subspace�x�Ö×.¸P
�~/�:;0�@

KrylovT%Õ�I
Ê�0�;
– CG�Conjugate GradientÂSTUVI�
– BiCGSTAB�Bi-Conjugate Gradient Stabilized�
– GMRES�Generalized Minimal Residual�

35

uvI�Iterative Method��Ò��
• É�

– �¼I
³´�~@�°�/��@DE��Ø�}�
– �
DEJzi�~};�

• Ê�
– ÙÒ-�@���!"�#�@>?ÓÔ�ÚÛ.ì®ö:}�
– wx±�preconditioning��+,�

36

• 5YeLMNZ[\
H%I
• WX5YZ[\�OI
• uvIJÁ}~

–STUVI�CG�I
–wx±JÁ}~

• STUVI./��05YeLMNOP���
�fJÁ}~
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p���uvIÂSTUVI

• Conjugate GradientI@À�~kCGnI
– ÉÊp���k®aÍnuvI

• FÜÝaÙ�
�Symmetric Positive DefiniteÂSPD�
– Þ��Ôë	 {x}JF�~{x}T[A]{x}>0
– ÇFß=%>0@ÇÁ9Ù>0@ÇT%�
\>0
§Ù
– �¤�"à�I�LMN@á-@âº7Â�Q"R�¦�ÊSPD

• � Ï�Ðf
– Éãä~I�Steepest Descent Method��Îå
– x(i)= x(i-1) + �ip(i)

• x(i)ÂuvO@p(i)ÂæçÔë	 @�iÂaØ�

– �CO.y
:;
� {x-y}T[A]{x-y}.Éè
:;K��{x}.]�
;�

– �2Øéê
:;
é"�uv�ÙÒ�j�zë��H�ÚÛ�
– ìízîhI�îï

• ði0ÂñÝòkØÙOP�t2n�n�SX(n�

38

STUVI�� Ï�Ðf

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end

• �
Ôë	 <
• Ôë	 #<
• Ôë	 aØó�þô

x(i) ÂÔë	 
�i Â^��"

39

STUVI�� Ï�Ðf

• �
Ôë	 <
• Ôë	 #<
• Ôë	 aØó�þô

x(i) ÂÔë	 
�i Â^��"

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end
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STUVI�� Ï�Ðf

• �
Ôë	 <
• Ôë	 #<
• Ôë	 aØó�þô

x(i) ÂÔë	 
�i Â^��"

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end
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STUVI�� Ï�Ðf

• �
Ôë	 <
• Ôë	 #<
• Ôë	 aØó�þô

x(i) ÂÔë	 
�i Â^��"

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)
check convergence |r|

end
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wx±�preconditioning�
z?

• uvI�ÙÒz�Ø�
�Á9Ù%õJöû
– Á9Ù%õ�Ø�Ü@ Á1J�}KLÙÒ�÷}�z©�
�
– ÓÔØ�condition number��FÜÝa�jÉuÉèÁ9Ù�³

• ÓÔØ�1J�}KLÙÒ�ö:}

• Ê
��Ø�
[A]JßÜ�0wx±�
[M].i�:;�

JK�~Á9Ù%õ.Þø:;�
– wx±�
[M]JK�~e�Z[\[A]{x}={b}.
[A’]{x’}={b’}x
Îù:;����[A’]=[M]-1[A]@
{b’}=[M]-1{b} ��;�

– [A’]=[M]-1[A]�z©�
J�®�0ß}@
}��
J�;�

• kwx±nzC�
@=�

ÊJ/�:;�@ú6z=�

.FGJ:;�
�í}�
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wx±
�STUVI�� Ï�Ðf

x

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end
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ILU(0), IC(0)
• ÉÊKÜ/�÷�~};wx±�=�
��

– ûÆÇLU%O
• Incomplete LU Factorization

– ûÆÇQ2^à"%O
• Incomplete Cholesky Factorization�FÜ�
�

• ûÆÇ��¼I
– Ê
��
�=�Ê@È�
z=
z:¡�}�
– fill-in
– Ê
��

§º®¯�m("��fill-in ��.ü�~};��

ILU�0�@IC�0�
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uvwªâÝ é"�ýÌ

• uvI�K7EÜ/�÷�;K�J�7ÁÁ�;
– 100Q�.þi;K��uvw�
�^½f�z�¼Iz�
-N�
(�}ÂÈJ��K7è÷®�0�¼I�ÊOK
}��
J�;�

– C�
ÊuvI�OÜK���­��÷�~};�
• C�
.//�}�d�Ï¡�;K��� Ï�Ðf�st

– �Âí+ô�s�Fast Multipole�
– çZ ¡�`a.ë�^(���@�;}z ×
– C�


• �°�"^!"�Ú �z�}

• wx±
�uvI�preconditioned iterative solvers�
– �a�0wx±��,-
– �a�0wx±zg�~k�
$n�ËÌ
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• 5YeLMNZ[\
H%I
• WX5YZ[\�OI
• uvIJÁ}~

–STUVI�CG�I
–wx±JÁ}~

• STUVI./��05YeLMNOP���
�fJÁ}~
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dx
dxBF
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OPO

xxBFxBF max
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2
1

����

T=0
X=0

|L
��~
};�z���@
� ���zDE
÷��}�X=Xmax��

12255.98505.1200495.4949
2
1 2 ���������

�x=1.d0@�ê�1Ø=50@
:;
@Xmax=49.5@
����XG�z49.0
�;�BF=1.0d0
:;
�����zÂ
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• 
,;J�®;ªâZ[\z}~�K��âJ�;
– ��.STUVI�Conjugate GradientI��OÜ
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NiiRHSkITEMPHIkAMATiPHIiDIAG
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Fß=% ®Fß=%

K75���â���:;
���

222

11

1)(,2)(,1)(

)1()()()()(

x
iA

x
iA

x
iA

NiiBFiAiAiA

RDL

iRiDiL

�
�

�
��

�
�

�������� �� ���

AD1 AR1

AL2 AD2 AR2

AL3 AD3 AR3

AL4 AD4 AR4

AL5 AD5 AR5

AL6 AD6 AR6

AL7 AD7 AR7

AL8 AD8

1 2 3 4 5 6 7 8
1

2

3

4

5

6

7

8

AD1 AR1

AL2 AD2 AR2

AL3 AD3 AR3

AL4 AD4 AR4

AL5 AD5 AR5

AL6 AD6 AR6

AL7 AD7 AR7

AL8 AD8

1 2 3 4 5 6 7 8
1

2

3

4

5

6

7

8

51

N=8�¦�ÂWX5YZ[\
Õ%
��«¬�­J®¯�=%Â=�


AD(1) AR(1)

1 2 3 4 5 6 7 8
1

2

3

4

5

6

7

8

AL(2) AD(2) AR(2)

AL(3) AD(3) AR(3)

AL(4) AD(4) AR(4)

AL(5) AD(5) AR(5)

AL(6) AD(6) AR(6)

AL(7) AD(7) AR(7)

AL(8) AD(8)

)1()2()1()1()1( BFAA RD ���� ������

����

����

����

����

����

����

�� �

BF(1)

BF(2)

BF(3)

BF(4)

BF(5)

BF(6)

BF(7)

BF(8)

� =

)2()3()2()2()2()1()2( BFAAA RDL ������ ���

)3()4()3()3()3()2()3( BFAAA RDL ������ ���

)4()5()4()4()4()3()4( BFAAA RDL ������ ���

)5()6()5()5()5()4()5( BFAAA RDL ������ ���

)6()7()6()6()6()5()6( BFAAA RDL ������ ���

)7()8()7()7()7()6()7( BFAAA RDL ������ ���

)8()8()8()7()8( BFAA DL ���� ��

� � ),,1(),())(()()()(
)(

1)1(
NiiRHSkITEMPHIkAMATiPHIiDIAG

iINDEX

iINDEXk
������ �

���
Fß=% ®Fß=%

52

�Ø�
���â\�1/8�
®¯�=%�­.��@=�
Ì®ZI

Compressed Row Storage �CRS�

DIAG(i) Fß=%�jØ@i=1,N�
INDEX(i) ®Fß=%ØJ1:;5YeV


�	Ø@i=0,N�
ITEM(k) ®Fß=%�,;�
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• �2ØÂNê
:;

–C�
ÂN2ê�=%.°±:;�,�7

–=�
Â®¯��T%4®°±:�0@5
Ye���¦�3Nê�=%�dR

• N=106
�0
���,°±$�

–C�

• 8�106�106=8�1012= 8TB

–=�
�¡��INDEX@ITEMÊÃR�
• 8�3�106+4�3�106= 36�106= 36MB
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DIAG(i) Fß=%�jØ@i=1,N�
INDEX(i) ®Fß=%ØJ1:;5YeV


�	Ø@i=0,N�
ITEM(k) ®Fß=%�,;�
�
�

�	Ø@k=1, INDEX(N)�
AMAT(k) ®Fß=%

�jØ@k=1, INDEX(N)�

PQRSTUVWPXR
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Fß=%ÂDIAG

DIAG(i) Fß=%�jØ@i=1,N�

DIAG(1)= AD(1)
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DIAG(3)= AD(3)
…
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• wx±
�STUVI
– Preconditioned Conjugate 

Gradient Method
– FÜÝa�
�

• Fß^!"����Diagonal
Scaling�
– [A]�Fß=%�­ ¡�;�
.
wx±�
[M]
:;�

– yz����J� i����}��
– �
Q��Point Jacobi�wx±
Ê
�0�;�

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end
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• wx±�
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!C
!C   1D Poisson Equation Solver by
!C   CG (Conjugate Gradient) Method
!C
!C   d/dx(dPHI/dx) + BF = 0
!C   PHI=0@x=0
!C

program CG_poi
implicit REAL*8 (A-H,O-Z)

integer :: N, ITERmax
integer :: R, Z, P, Q, DD

real(kind=8) :: dx, OMEGA, RESID, dPHI, dPHImax, BF, EPS
real(kind=8), dimension(:), allocatable :: PHI, RHS
real(kind=8), dimension(:  ), allocatable :: DIAG, AMAT
real(kind=8), dimension(:,:), allocatable :: W

integer, dimension(:  ), allocatable :: INDEX, ITEM

!C
!C-- INIT.

open  (11, file='input.dat', status='unknown')
read (11,*) N
read (11,*) dX, BF
read (11,*) ITERmax
read (11,*) EPS
close (11)
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allocate (PHI(N), DIAG(N), AMAT(2*N-2), RHS(N))
allocate (INDEX(0:N), ITEM(2*N-2), W(N,4))
PHI= 0.d0
AMAT=  1.d0/dX
DIAG= -2.d0/dX
RHS=  -BF * dX
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allocate (PHI(N), DIAG(N), AMAT(2*N-2), RHS(N))
allocate (INDEX(0:N), ITEM(2*N-2), W(N,4))
PHI= 0.d0
AMAT=  1.d0/dX
DIAG= -2.d0/dX
RHS=  -BF * dX
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allocate (PHI(N), DIAG(N), AMAT(2*N-2), RHS(N))
allocate (INDEX(0:N), ITEM(2*N-2), W(N,4))
PHI= 0.d0
AMAT=  1.d0/dX
DIAG= -2.d0/dX
RHS=  -BF * dX
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INDEX= 2
!C
!C-- CONNECTIVITY

INDEX(0)= 0
INDEX(1)= 1
INDEX(N)= 1

do i= 1, N
INDEX(i)= INDEX(i) + INDEX(i-1)

enddo

do i= 1, N
jS= INDEX(i-1)
if (i.eq.1) then
ITEM(jS+1)= i+1
AMAT(jS+1)= 0.d0
DIAG(i )= 1.d0
RHS(i )= 0.d0

else if             &
&     (i.eq.N) then

ITEM(jS+1)= i-1
DIAG(i )= -1.d0/dX
else
ITEM(jS+1)= i-1
ITEM(jS+2)= i+1
if (i-1.eq.1) then

AMAT(jS+1)= 0.d0
endif

endif
enddo
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INDEX= 2
!C
!C-- CONNECTIVITY

INDEX(0)= 0
INDEX(1)= 1
INDEX(N)= 1

do i= 1, N
INDEX(i)= INDEX(i) + INDEX(i-1)

enddo

do i= 1, N
jS= INDEX(i-1)
if (i.eq.1) then
ITEM(jS+1)= i+1
AMAT(jS+1)= 0.d0
DIAG(i )= 1.d0
RHS(i )= 0.d0

else if             &
&     (i.eq.N) then

ITEM(jS+1)= i-1
DIAG(i )= -1.d0/dX
else
ITEM(jS+1)= i-1
ITEM(jS+2)= i+1
if (i-1.eq.1) then

AMAT(jS+1)= 0.d0
endif

endif
enddo

INDEX(0)=0
INDEX(1)=1

ITEM(1)=2, AMAT(1)= AR1
INDEX(2)=3

ITEM(2)=1, AMAT(2)= AL2
ITEM(3)=3, AMAT(3)= AR3

INDEX(3)=5
ITEM(4)=2, AMAT(4)= AL3
ITEM(5)=4, AMAT(5)= AR3

…
INDEX(N-1)= 2*N-3

ITEM(2*N-4)= N-2, AMAT(2*N-4)= AL(N-1)
ITEM(2*N-3)= N  , AMAT(2*N-3)= AR(N-1)

INDEX(N)  = 2*N-2
ITEM(2*N-2)= N-1, AMAT(N*N-2)= AL(N)
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INDEX= 2
!C
!C-- CONNECTIVITY

INDEX(0)= 0
INDEX(1)= 1
INDEX(N)= 1

do i= 1, N
INDEX(i)= INDEX(i) + INDEX(i-1)

enddo

do i= 1, N
jS= INDEX(i-1)
if (i.eq.1) then
ITEM(jS+1)= i+1
AMAT(jS+1)= 0.d0
DIAG(i )= 1.d0
RHS(i )= 0.d0

else if             &
&     (i.eq.N) then

ITEM(jS+1)= i-1
DIAG(i )= -1.d0/dX
else
ITEM(jS+1)= i-1
ITEM(jS+2)= i+1
if (i-1.eq.1) then

AMAT(jS+1)= 0.d0
endif

endif
enddo
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INDEX= 2
!C
!C-- CONNECTIVITY

INDEX(0)= 0
INDEX(1)= 1
INDEX(N)= 1

do i= 1, N
INDEX(i)= INDEX(i) + INDEX(i-1)

enddo

do i= 1, N
jS= INDEX(i-1)
if (i.eq.1) then
ITEM(jS+1)= i+1
AMAT(jS+1)= 0.d0
DIAG(i )= 1.d0
RHS(i )= 0.d0

else if             &
&     (i.eq.N) then

ITEM(jS+1)= i-1
DIAG(i )= -1.d0/dX
else
ITEM(jS+1)= i-1
ITEM(jS+2)= i+1
if (i-1.eq.1) then

AMAT(jS+1)= 0.d0
endif

endif
enddo
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i = N
jS= INDEX(i-1)

ITEM(jS+1)= i-1
AMAT(jS+1)= +1.d0/dx '�� 	Ù
DIAG(i )= -1.d0/dX
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ITEM(jS+1)= i+1
AMAT(jS+1)= 0.d0
DIAG(i )= 1.d0
RHS (i   )= 0.d0
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ITEM(jS+1)= i+1
AMAT(jS+1)= 0.d0
DIAG(i )= 1.d0
RHS (i   )= 0.d0
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do i= 1, N
if (i.eq.kk) then
DIAG(i)= 1.d0
RHS (i)= PHIx
do j= INDEX(i-1)+1, INDEX(i)

AMAT(j)= 0.d0
enddo

endif
endif

do i= 1, N
if (i.ne.kk) then
do j= INDEX(i-1)+1, INDEX(i)

jj= ITEM(j)
if (jj.eq.kk) then
RHS (i)= RHS(i) - AMAT(j)*PHIx
AMAT(j)= 0.d0

endif
enddo

enddo
enddo

¯�ë��
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!"����zPHIX(jj)J½�
:;Ê��04�0�������
x±zû,���0�

¯�ë��
do i= 1, N
if (i.eq.kk) then
DIAG(i)= 1.d0
RHS (i)= PHIx
do j= INDEX(i-1)+1, INDEX(i)

AMAT(j)= 0.d0
enddo

endif
endif

do i= 1, N
if (i.ne.kk) then
do j= INDEX(i-1)+1, INDEX(i)

jj= ITEM(j)
if (jj.eq.kk) then
RHS (i)= RHS(i) - AMAT(j)*PHIx
AMAT(j)= 0.d0

endif
enddo

enddo
enddo
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!C
!C +---------------+
!C | CG iterations |
!C +---------------+
!C===

R = 1
Z = 2
Q = 2
P = 3
DD= 4

do i= 1, N
W(i,DD)= 1.0D0 / DIAG(i)

enddo
!C
!C-- {r0}= {b} - [A]{xini} |

do i= 1, N
W(i,R) = DIAG(i)*PHI(i)
do j= INDEX(i-1)+1, INDEX(i)
W(i,R) = W(i,R) + AMAT(j)*PHI(ITEM(j))

enddo
enddo

BNRM2= 0.0D0
do i= 1, N
BNRM2 = BNRM2 + RHS(i)  **2
W(i,R)= RHS(i) - W(i,R)

enddo
!C********************************************************************

Fß=%�ÈØ�wx±��
����@ÛE.:;
`{�
�}0�@`�V
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!C
!C +---------------+
!C | CG iterations |
!C +---------------+
!C===

R = 1
Z = 2
Q = 2
P = 3
DD= 4

do i= 1, N
W(i,DD)= 1.0D0 / DIAG(i)

enddo

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end

v_c]\`STv_c]w`Tx PyR
v_c]o`STv_c]z`Tx P{R
v_c]o`STv_c]|`Tx P}R
v_c]p`STv_c]~`Tx P�R

v_c]q`STv_c]hh`Tx \�hjV�
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!C
!C +---------------+
!C | CG iterations |
!C +---------------+
!C===

R = 1
Z = 2
Q = 2
P = 3
DD= 4

do i= 1, N
W(i,DD)= 1.0D0 / DIAG(i)

enddo
!C
!C-- {r0}= {b} - [A]{xini} |

do i= 1, N
W(i,R) = DIAG(i)*PHI(i)
do j= INDEX(i-1)+1, INDEX(i)
W(i,R) = W(i,R) + AMAT(j)*PHI(ITEM(j))

enddo
enddo

BNRM2= 0.0D0
do i= 1, N
BNRM2 = BNRM2 + RHS(i)  **2
W(i,R)= RHS(i) - W(i,R)

enddo

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end

BNRM2: ÙÒ�a�
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do iter= 1, ITERmax
!C
!C-- {z}= [Minv]{r}

do i= 1, N
W(i,Z)= W(i,DD) * W(i,R)

enddo

!C
!C-- RHO= {r}{z}

RHO= 0.d0
do i= 1, N
RHO= RHO + W(i,R)*W(i,Z)

enddo

!C
!C-- {p} = {z} if      ITER=1
!C   BETA= RHO / RHO1  otherwise

if ( iter.eq.1 ) then
do i= 1, N
W(i,P)= W(i,Z)

enddo
else

BETA= RHO / RHO1
do i= 1, N
W(i,P)= W(i,Z) + BETA*W(i,P)

enddo
endif

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)
else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end
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!C
!C-- {q}= [A]{p}

do i= 1, N
W(i,Q) = DIAG(i)*W(i,P)
do j= INDEX(i-1)+1, INDEX(i)
W(i,Q) = W(i,Q) + AMAT(j)*W(ITEM(j),P)

enddo
enddo

!C
!C-- ALPHA= RHO / {p}{q}

C1= 0.d0
do i= 1, N
C1= C1 + W(i,P)*W(i,Q)

enddo
ALPHA= RHO / C1

!C
!C-- {x}= {x} + ALPHA*{p}
!C   {r}= {r} - ALPHA*{q}

do i= 1, N
PHI(i)  = PHI(i) + ALPHA * W(i,P)
W  (i,R)= W(i,R) - ALPHA * W(i,Q)

enddo

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)
r(i)= r(i-1) - �iq(i)
check convergence |r|

end
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DNRM2 = 0.0
do i= 1, N
DNRM2= DNRM2 + W(i,R)**2

enddo

RESID= dsqrt(DNRM2/BNRM2)

write (*, 1000) iter, RESID
1000   format (i5, 1pe16.6)

if ( RESID.le.EPS) goto 900
RHO1 = RHO

enddo
!C********************************************************************

IER = 1

900 continue
!C===

!C
!C-- OUTPUT

do i= 1, N
write (*,'(i8, 1pe16.6)') i, PHI(i)

enddo

end program CG_poi

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end
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DNRM2 = 0.0
do i= 1, N
DNRM2= DNRM2 + W(i,R)**2

enddo

RESID= dsqrt(DNRM2/BNRM2)

write (*, 1000) iter, RESID
1000   format (i5, 1pe16.6)

if ( RESID.le.EPS) goto 900
RHO1 = RHO

enddo
!C********************************************************************

IER = 1

900 continue
!C===

!C
!C-- OUTPUT

do i= 1, N
write (*,'(i8, 1pe16.6)') i, PHI(i)

enddo

end program CG_poi

Compute r(0)= b-[A]x(0)

for i= 1, 2, …
solve [M]z(i-1)= r(i-1)

�i-1= r(i-1) z(i-1)
if i=1
p(1)= z(0)

else
�i-1= �i-1/�i-2
p(i)= z(i-1) + �i-1 p(i)

endif
q(i)= [A]p(i)

�i = �i-1/p(i)q(i)
x(i)= x(i-1) + �ip(i)

r(i)= r(i-1) - �iq(i)

check convergence |r|
end

BNRM2:  Ye$J/�

r= b-[A]x
DNRM2=|r|2
BNRM2=|b|2

RESID= |r|/|b|
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