
ℋACApK library 
with low-rank structured matrices

Akihiro Ida
(Information Technology Center, University of Tokyo)



ℊ 𝑢 (𝑥) = න
Ω

𝑔 𝑥, 𝑦 𝑢(𝑦)d𝑦

Full rank dense matrix

Permutation

Partition

Discretization
ℋ-matrices

Overview of low-rank structured matrices

■Approximation technique for dense matrices from Integral operator.

・𝑂(𝑚𝑛)⇒ 𝑂(𝑘(𝑚 + 𝑛)) 

Low-rank

approximation

Full-Rank

Low-Rank ・ Accuracy control : # of 𝑘
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➢ (Lattice) ℋ-matrices：𝑶(𝑵𝟐) ⇒ 𝑶(𝑵𝐥𝐨𝐠𝑵)

ℊ 𝑢 (𝑥) = න
Ω

𝑔 𝑥, 𝑦 𝑢(𝑦)d𝑦

➢ Application Integral operator

Degenerate kernel：

𝑔 𝑥, 𝑦 ≅෍
𝜈=1

𝑟

𝑔1
𝜈 𝑥 𝑔2

𝜈 𝑦

,for far remote 𝒙, 𝒚

e.g. 𝑔 𝑥, 𝑦 ∝ 𝑥 − 𝑦 −1

➢ Download site : 
・ http://ppopenhpc.cc.u-tokyo.ac.jp

・ https://github.com/Post-Peta-Crest/ppOpenHPC/tree/MATH/HACApK

➢Parallel computing

For CPU cluster：MPI+OpenMP (partially GPU)

Assignment for ℋ Assigmment for lattice ℋ
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ℋACApK library for low-rank structured matrices

■ Library for simulations using BEM(boundary element method)
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Example analyses using ℋACApK

➢ Spin-torque oscillator

𝑔 𝑥, 𝑦 =
1

4𝜋
න
𝜕𝑉

𝜑1 𝒚 𝛻|𝒙 − 𝒚|−1 ⋅ d𝑺

〔Image courtesy ：T. Ataka（Fujitsu Ltd.）〕

■ Micromagnetic Simulation

➢ Current-induced domain wall Motion
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Example analyses using ℋACApK

■Machine learning

𝐴𝑖𝑗: = exp − 𝒙𝑖 − 𝒙𝑗 2

2
/2𝜎2

■Superconductor Analyses

〔Image courtesy ：Amemiya Lab. （Kyoto Univ.）〕

𝑔 ｒ =
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■ Earthquake cycle 

inference
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➢eq. motion

➢friction law

Integral operator with 𝑔 𝑥, 𝑦 ∝ 𝑥 − 𝑦 −3
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Performance of ℋACApK library
■Memory usage ■Parallel scalability
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➢ Calculation contidition
・Micromagnetic Simulation： 𝑁 = 20,910
・Computer: Fujitsu PRIMERGY CX2550

➢ Dense matrix:𝑶(𝑵𝟐) ➢ℋACApK: 𝑶(𝑵𝐥𝐨𝐠𝑵)
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Thank you for watching

Conclusion

■For large-scaled simulations
► Approximation technique for dense matrices
・(Lattice) ℋ-matrices：𝑶(𝑵𝟐) ⇒ 𝑶(𝑵𝐥𝐨𝐠𝑵)

► Parallel computing
・Hybrid MPI+OpenMP for CPU clusters (partially ported to GPU)

■ Download site : https://github.com/Post-PetaCrest/ppOpenHPC/tree/MATH/HACApK
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・Degenerate kernel：

►ℊ 𝑢 = 𝑓, where ℊ 𝑢 𝑥 := Ω׬ 𝜅 𝑥, 𝑦 𝑢(𝑦)d𝑦

■ℋACApK: Library for low-rank structured matrices

・Open source ・MIT license

・Naïve discretization yields dense matrices : 𝑶(𝑵𝟐)

𝜅 𝑥, 𝑦 ≅෍
𝜈=1

𝑟

𝜅1
𝜈 𝑥 𝜅2

𝜈 𝑦 ,for far remote 𝒙, 𝒚

■ Integral operator to which low-rank structured matrices can be applied


